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Abstract 

We study some aspects of asymmetric orbifolds of tori, with the orbifold group being some 
Ztv subgroup of the T-duality group and, in particular, provide a concrete understanding of 
certain phase factors that may accompany the T-duality operation on the stringy Hilbert 
space in toroidal compactihcation. We discuss how these T-duality twist phase factors are 
related to the symmetry and locality properties of the closed string vertex operator algebra, 
and clarify the role that they enact in the modular covariance of the orbifold theory, mainly 
using asymmetric orbifolds of tori which are root lattices as working examples. 
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1 Introduction 

Closed strings propagating on an orbifold DO present an important class of backgrounds 
in which stringy phenomena arise strikingly from the notion of twisted sectors. A geometric 
orbifold O is the quotient of a target space manifold A4 by the action of some discrete, metric¬ 
preserving group G, i.e. O = M./G. Such an action typically leaves a number of points 
fixed, and at these fixed points, even though the manifold suffers from conical singularities, 
the orbifold string CFT is well-defined from the viewpoint of unitarity by simply including 
additional ‘twisted’ sectors in which strings are closed up to the group action. Formally, the 
string functional integral is the sum over maps from the worldsheet into the orbifold, and in 
the neighborhood of the fixed points, the map is branched over the manifold’s covering space 
[3UU- Such a concept may be generalized to generic CFTs with discrete symmetries. Thus, 
given any CFT C admitting some discrete symmetry group G, it is natural to ask if it makes 
sense to construct C/G. In the generic case, modeling the theory out by G can no longer be 
described geometrically as a closed string propagating on an orbifold, and we need to rely 
on more abstract principles in place of our geometrical intuition in developing the notion of 
twisted sectors. A fundamental question to be addressed is whether one could appropriately 
lift G to be an automorphism of the operator algebra in a Hilbert space construction, and 
whether the twisted theory remains local. 

In this paper, we shall study closed string orbifolds of tori, with the orbifold group being a 
Zat subgroup of the T-duality group. Recall that for a closed bosonic string wrapped on a d- 
dimensional torus and coupled to a background Kalb-Ramond magnetic held, the T-duality 
group is 0(d,d] Z). This group contains, apart from the geometric GL(d } Z) subgroup, 
orbifold elements which act differently on the string’s left and right movers. The notion of 
such asymmetric orbifolds is of course natural in the context of the heterotic string 

where it was first considered. For a d -dimensional toroidal compactikcation of the heterotic 
string, on the even and self-dual lattice r 16+fZ,d = T 16,0 + dT 1,1 , we can, for example, consider 
modding out the Hilbert space by left-right asymmetric action on dr 1,1 . 

In general, it is a difficult question to derive the sufficient conditions for a duality group 
to be a genuine automorphism of the operator algebra, and here we shall content ourselves 
mainly with the conditions related to the broad principles of locality and modular covariance. 
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To put it in the context of T-duality twists of toroidal compactifications, schematically, let 
us denote the T-duality operation to be g and consider its action in the untwisted sector. 
When acting on a lowest-weight state labelled by the left and right momenta cxl,r, a phase 
factor ambiguity arises which we can express as follows. 

g\a L ,a R ) = U(g,a)\g(a L ), g(a R )) (1.1) 

where g(a) are 0(d, d; Z) transformations of the momenta zero modes, and U(g,a) is a 
phase factor which will play a role in the modular covariance of an orbifold of which twist is 
generated by g. Our main purpose here is to develop a concrete understanding of this phase 
factor and compute it for some asymmetric orbifolds of the tori. By the state-operator 
correspondence, we shall see that this phase factor is related to the symmetry properties 
and mutual locality of the string’s vertex operator algebra in the untwisted sector. It will 
inevitably make an appearance when we consider the modular covariance of the orbifold 
CFT since it might be non-trivial when evaluated on any residual zero modes’ sublattices 
invariant under the orbifold twist. 

The fundamental ideas invoked in our analysis are established ones. For example, it 
is well-known that the mutual locality of vertex operators requires the presence of certain 
one-cocycle translation operators acting on the zero-mode space. Already in the seminal 
papers M, it was mentioned that it is important to include such cocycle factors attached 
to vertex operators to preserve their mutual locality. Physically, this can be understood as 
the statement that the order of emission of gauge particles does not change the closed string 
amplitude whereas mathematically, this is a familiar notion in the formal study of vertex 
operator algebra [7J. As we shall discuss in detail, the presence of these factors leads one 
to consistency equations that determine the phase factor in (II.Hi in order to preserve the 
Z^v symmetry of the operator algebra. They are then generically manifest in the genus one 
characters of the orbifold theory twisted by the same Zjv symmetry. 

At least to our knowledge, the relationship between the cocycle factors and the phase 
factor in (11.111 has not been extensively explored as much as it deserves. Apart from the 
seminal papers M, there is a delicate account of it in the theses of Hollowood [8j and Myliill 
[9] in the general context of orbifolds, where their focus was on symmetric orbifolds of tori. 
Building upon their work, we will explore the role of the twist phase factor in the context of 
asymmetric orbifolds. A more recent inspiration comes from ra where the phase factor in 
(11.11) was understood along these lines to motivate a modular-covariant form of the one-loop 
partition function of a single self-dual compact boson (A") twisted by the only non-trivial 
element of 0(1,1;Z), i.e. X L —> X L ,X R —> —X R . In the absence of these considerations, 
one may be misled to thinking that this background is anomalous (see HH for a separate 
proposal for the Hilbert space construction). Yet as we shall discuss later, the inclusion 
of these phase factors does not always preserve one-loop modular covariance in the general 
case. 

For the rest of the paper, we will present illustrative examples of how to derive and 
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compute the phase factor in (II.ip in the context of Z^v asymmetric toroidal orbifolds of which 
twist lies in 0(7, 7; Z). We will hnd that this problem is reduced to solving some constraint 
equations that descend from preserving the corresponding symmetry of the operator algebra 
diagonalized in the eigenspaces of the twist. These equations involve the cocyclc factors which 
are needed to write down mutually local OPEs, and moreover can be neatly interpreted as the 
triviality condition of a 2-cocycle valued in the second cohomology of the Narain momenta 
lattice with 17(1) coefficients. In formulating the problem for the class of asymmetric orbifolds 
in which the twist in one chiral sector is trivial, we stumble upon a simple relationship 
between the moduli space for these backgrounds and automorphisms of the Lie algebra of 
which roots generate the toroidal lattice. In the simplest example of a chiral Z 2 orbifold 
of a compact boson, we will also observe that this phase factor arises in a similar fashion 
at higher worldsheet genus. Other related results that are presented in this paper include 
a straightforward discussion of the modular covariance of shift orbifolds and comments on 
some asymmetric orbifold points of CY 3 compactihcation of the heterotic string. 

The toroidal orbifolds that we consider in this paper are simple examples of closed strings 
whose boundary conditions are twisted by elements of the automorphism group of the string 
CFT’s operator algebra. Orbifolding by T-duality offers a manageable class of non-geometric 
backgrounds that are more clearly understood from the viewpoint of orbifold constructions. 
More broadly speaking, the automorphism group can be non-perturbative when we twist 
boundary conditions by S-duality (see for example [12], [13, TJJ [15]) or more generally U- 
duality unumnB]. Understanding these stringy monodrofolds |1I| is not only interesting in 
its own right, but they may also have some implications for string cosmology pH] EEJ E2J G3], 
string phenomenology [2T1 251 [26] and modern duality-covariant frameworks of string theory 
such as the likes of ‘Double Field Theory’ (see for example [27]) and gauged supergravity 
theories [28] ;29 4 [30]. The backgrounds that we are considering are sometimes called T-folds 
at their self-dual points, and they may furnish a stage upon which we can further address 
the notion of stringy non-geometry (see [31] for an interesting recent work). 

The plan of our paper is as follows. In Section 2, we present the basic outline of our 
approach, including a brief review of various basic conceptual ingredients, such as the notion 
of modular covariance of genus-one characters, level-matching, cocycles etc. that we need 
in shaping our narrative. In Section 3, as a warm-up, we consider the simplest T-fold in 
detail (in this aspect, please also see pH] and [32]). In Section 4, we explore asymmetric 
toroidal orbifolds, of which the orbifold group G is a Z N subgroup of 0(7, 7; Z), and derive 
the constraint equations for the T-duality twist phase factor as the triviality condition of a 
certain 2-cocycle of the momentum lattice. Section 5 contains concrete two-dimensional and 
six-dimensional orbifold examples, some details of which are delegated to the Appendices. 
In Section 6, we generalize our observations for the simplest T-fold at higher worldsheet 
genus (which is a simple application of a related result presented in [33] for c = 1 CFTs 
on Riemann surfaces). Finally, we end with concluding remarks and a few suggestions for 
future work. 
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Relations to previous work : Orbifold twist phase factors were previously discussed 
in jSJ [9] in the general context of orbifolds and in [o. [6j for asymmetric orbifolds. Our 
work builds on related ideas mentioned in these seminal papers, and can be regarded as a 
more explicit exploration of these phase factors and their relation to modular covariance. 
In [6], the origin of the twist phase factor is traced to a consistency condition that arises in 
defining the bosonic partition function of any asymmetric orbifold as the square root of that 
of a ‘parent’ non-chiral boson theory, ffolomorphic factorization of stringy instanton sum 
in the doubled theory requires the presence of a winding number-dependent phase factor 
which then leads to a non-trivial phase factor in the partition function of the asymmetric 
orbifold. Our starting point is different and it would be interesting to interpret the various 
results particularly in the setting of modern T-duality covariant frameworks like in [27] where 
asymmetric twists can possibly be treated as symmetric ones. Another important and more 
modern inspiration for this work comes from [10] where the role of the twist phase factor in 
the simplest T-fold was discussed in detail. 


2 Generalities 


In the following, we present the broad outline of our approach in our study of asymmetric 
orbifolds of tori. The key entity that lies at the heart of our discussion is the phase factor 
in (II.ip that accompanies the action of T-duality on the stringy states. This phase factor is 
related to three essential notions: (i)the mutual locality of vertex operators (ii)preservation 
of the T-duality symmetry in the closed string vertex operator algebra (iii)one-loop modular 
covariance of the partition traces. In this section, we will present the main points of this rela¬ 
tionship, leaving more explicit examples, technical details and generalizations to subsequent 
sections. 

A consistency principle which we allude to in this paper is the modular covariance of 
one-loop partition traces, defined as 


K (r) = Hr* 


g q u ‘q L « 


q = e 2 * iT , 


( 2 . 1 ) 


where r is the complex structure of the Euclidean toroidal string worldsheet and Z®(r) 
denotes the partition function with the insertion of some twist element g that belongs to 
the orbifold group and evaluated in the sector twisted by another element h. Under the 
mapping class group of the torus, the partition traces transform onto one another under a 
generic SL( 2, Z) element as follows (see Appendix lAl ). 


K 


/'ar + b\ 
\cr + d) 



( 2 . 2 ) 


In this paper, we are mainly working with Z^v orbifolds, and the modular orbits can be 
organized straightforwardly. Now, level-matching conditions are typically taken by requiring 
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an absence of global modular anomaly at one-loop. Take some partition trace Z 9 h (r) and 
consider the subgroup T^) of SL( 2,Z) that fixes the boundary condition, i.e. T^) are 
the stability groups for the abelian group generated by g and h. We then demand that 
the partition trace picks up no phase under (see for example [69] for an illuminating 

discussion). Of course, it is sufficient to check this for any single representative of each class 
of partition traces closed under modular transformations [j] We can use the twisted sectors 
without any twist insertion to be representatives of each closed orbit. Consider the trace 
(t) which transforms as 



/ ar + b 
\ct + d 



Then, by Bezout’s lemma, it can be transformed onto another twisted sector Z° 2 , if there 
exists a such that ahi = h 2 mod N and gcd(a, ord(/q)) = 1. For example, if N = p x q, 
with p, q being distinct primes, then there are three independent modular orbits of which 
representatives we can pick to be Z±, Z ° and Level-matching translates into checking 
their invariances under r^-r + N^r^-T + q and r —> r + p respectively. Since the 
other partition traces are related to them by modular transformations, the level-matching 
conditions are equivalent to the modular covariance condition in (12.21) . 


In the context of toroidal compactification, we can let the twist to be some T-duality group 
element specified by an 0(d, d] Z) matrix acting on the space of winding and momenta zero 
modes equipped with some toroidal lattice and a constant Kalb-Ramond R-field, together 
with corresponding action on the left and right oscillators. Of course, the moduli have to 
be self-dual under the twist. Now, there is a q-number phase ambiguity when we lift T- 
duality symmetry to be a symmetry of the stringy Hilbert space, or equivalently by the 
state-operator correspondence, of the operator algebra. Recall that the untwisted Hilbert 
space % can be decomposed into the Fock space representation of the Heisenberg algebra 
of the oscillators ( J-) and a zero mode space - the discrete space on which the left and 
right-moving momenta zero modes reside, i.e. 


V. = T ® A , l ,r = ^ T-L Pl ® 'H Pr 

Pl,Pr 


(2.3) 


where we have also indicated a splitting of the Hilbert space into left and right sectors each 
labeled by momenta zero modes. In the twisted sector labelled by h in the orbifold CFT, 
we can imagine tensoring the orbifold twist g with a phase factor Uh(g, ck)@ where a are the 
momenta zero modes, then each partition trace gets modified as 


ZfM Ttk 


Uh(9,a)0Lq L °Oitil L ° , 


9 - (0l, Or), 


(2.4) 


1 To see this, start with a partition trace Z r s (r) = Z((r, s); r) that is mapped back to itself under T. Now 
under an SL{ 2,Z) element M, the twist indices and stability group transform as (r, s) —> M -1 (r, s) and 
r -► M-TM. But Z (r o (r' t s')- t) = Z(To (r, s); M(r)) = Z ((r, s); M(r)) = Z ((/, s'); r). 

2 In the untwisted sector, we shall denote the phase factor by U(g, a) (as in (11.11) ). 
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where the twist element g can be described by independent twists in the left and 
right sectors respectively. In this paper, we wish to understand these phases Uh{g,ce) more 
carefully. As we shall discuss later, we will find that they are generally of the form 
where 0 is some constant matrix. We shall invoke two general well-known principles for 
their construction as follows (see for example [ 8 ] and M)- 

The first principle relates to writing down the vertex operators in (12.12ft correctly with 
the inclusion of appropriate cocycle factors which act on the zero mode space of the stringy 
Hilbert space A r ,r. The Hilbert space decomposition is compatible with the quantization 
rule 

[x° L ,PL] = [x° R ,PR]=i, (2.5) 

where R refer to the position zero modes in the left and right sectors of the theory. In 
the classical string theory, there is not much meaning in assigning ‘left’ and ‘right’ to the 
position zero modes, but in our study of asymmetric orbifolds, we will find that ( 12 . 5 p is a 
fine assumption. We can now separately discuss the zero-mode space of each chiral sector. 
We assume a toroidal background equipped with some orbifold action, and define C (a) to be 
the zero mode part of the string vertex operators refined with some possibly operator-valued 
prefactor that preserves mutual locality (see for example [33] for a nice review). They are of 
the form 

C(a) = e^P^L^e^RX^+iaLxf, ( 2 . 6 ) 

where <5 (pl,R) &l,r) is a non-unique function of the momenta which we shall describe explicitly 
in Section [3] and 14.31 . We note that C(a) furnishes a projective representation of the 
compactihcation lattice as follows, 

C(a)d(P) = e(a,P)C(a + P) (2.7) 

for some non-commutativity phase e(a, (3) which plays the crucial role of removing the branch 
cut in the OPE of the otherwise unrefined vertex operators. Now the non-zero mode parts of 
each of two vertex operators (separated in their insertion points by Sz) give rise to a factor 
(5z)^ 0lR ^ R (Sz)^ 0 ‘ L ^ L in their OPE. Thus, if we let 

e(a, p) = e fMK-“^) e (^ a ), ( 2 . 8 ) 

we preserve the mutual locality of the vertex operators. From the associativity of the OPEs 
among the vertex operators, one can show that 

e(a, f3 + 7 )e(/ 3 , 7 ) = e(a, f3)e(a + (3, 7 ). (2.9) 

It turns out that we can interpret e(a, (3) as an element of the two-cohomology of the Narain 
momenta lattice. One can define a lattice’s A-cochain c as a map from A copies of the lattice 
to (7(1), and the coboundary operation acting on c to be 

c(a> 2 , ■■■,(*r+i) ^ c(aq, «2 + <7r+i) 

c(«i + « 2 5 OI 3 , ■■■) OtR+l) c(a 1 , 0 >2, cn 3 + « 4 , ..., Oi r + i) 


Sc (oq,..., Or+i) 


X . . . 








xc(ai, ....a*) 


( 2 . 10 ) 


( - 1) R+1 


Then one can see that (12.9p is nothing but a 2-cocycle condition. Mutual locality demands 
(12. 8 p which implies that e(a, (3) cannot be a two-coboundary. ( In (12.7p . if C(a ) is a c- 
number function, then e(a,/3) is indeed a two-coboundary.) There is however an equivalence 
condition that we should impose that will fix e(a,/3) to be a class of the second cohomology 
group. In (12.71) . there is a gauge degree of freedom preserving (I2.8ji that corresponds to 

C(a) -> e i5 ^C(a), e(a, P) -> e ^G+g)-8(a)-sm e ( a>/3 ) (2.11) 

where 5(a) is some scalar function of a. Given some e(a, /?), one can construct an equivalence 
class of it via (12. lip which preserves mutual locality. Later in Section 14.3.11 we shall develop 
an explicit expression for it which turns out to be simply 

e(a,p) = 


where n a , rn a are the momentum and winding numbers associated with momentum zero 
mode a. Secondly, we recall that as explained in [35] . there is an elegant way of interpreting 
the fusion algebra of a holomorphic CFT which enjoys a symmetry group G. We begin with 
the untwisted sector, and let G be some subgroup of the T-duality group. Under the 
action of G , the operator algebra in the untwisted sector decomposes into sectors filled with 
states transforming in the irreducible representations of G. For each of N non-isomorphic 
representations of Z^v, we can associate it with the following linear combination of vertex 
operators V 


V w = 5Z • 


^ 2nia 

g m -V, 9 -V H =e-TTV H , a = 0,1,... N — 1, 


( 2 . 12 ) 


where g is the T-duality twist operator that generates the Zat action. As explained in |35j 
for a general G, the representation algebra should be identical to the fusion algebra of the 
representations. Invoking this principle then, we see that this translates to 


V[ a ] x V[b] ~ V [a+b] . (2.13) 

This furnishes constraint conditions for g, which in turn relate the cocycle factors and the 
phase factors in the untwisted sector which appear in (II. ip and thus, by the state-operator 
correspondence in (12.13p . As we shall explain in detail in Section l4~3l the constraints can be 
straightforwardly derived to read 

e(9(a),9(P)) 
e(a,P) 

U(g p+1 ,oi) — U(g p ,a)U(g, g p (a))i 

Since g is an automorphism of the Narain lattice, e (g(a), g(P)) is an element of H 2 ( A, 17(1)) 
just like e(a,P). Diagonalizing the OPEs among the vertex operators leads us to consider 


U(g,a + P) 
U(g,a)U(g,py 

N 

Y[U(g,g J (a)) = 1. 

3=1 


(2.14) 

(2.15) 
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the ratio between the two which, from (12. 14[) is clearly a two-coboundary. For the working 
examples that we consider in this paper, the twist is trivial in one chiral sector, and the 
ratio reduces to a trivial element of H 2 ( A, Z 2 ). Generally, for any orbifold twist, we can 
compute this ratio given a solution to e(a,/3). Solving for the one-cochain phase factor 
U(g,a ) is then equivalent to solving a cohomological problem. Formally, all this means 
that the consistency conditions we have derived can be understood as the triviality of the 
ratio e (g(a), g(/3)) /e (a, /3), with the twist phase factors being one-cochains that have to 
satisfy (12.151 1 . Thus far, our considerations pertain to the untwisted sector. To obtain the 
appropriate form of twist phase factors in the twisted sector labelled by h, we can perform an 
S transformation on Zq in which the phase factors are evaluated on the residual sublattice 
invariant under the twist h, and thus are trivial elements of H 1 ( A, 17(1)) satisfying the group 
composition law 

U(g pi+p >, ow) = U(g p \a inv )U(g p \ ow), (2.16) 

where a.i nv . refer to a momentum vector in the invariant sublattice. In particular, for asym¬ 
metric twists which are trivial in one chiral sector, this implies that for TL^ orbifolds where 
N is odd, assuming that the consistency conditions (12. 141) - (12. 151) can be solved, there is no 
non-trivial twist phase factors appearing in Zq. 

Thus far, our discussion holds for a generic orbifold whether it is asymmetric or not. For 
symmetric orbifolds, the 0(d, d; Z) clement is some geometric GL(d, Z) transformation of 
the toroidal basis. If the Kalb-Ramond B-held is zero, we find (see Section 14.3.21 for details) 
that the twist phase factor is trivial. Suppose now we turn on a B-field Bo that commutes 
with the geometric twist as in 

9B 0 9 t - B 0 = 0, (2.17) 

then we still have the same 0(d, d\ Z) twist. Further, let us perform a gauge transformation 
by shifting B 0 with an antisymmetric integral matrix SB which does not obey (12.171) . This is 
equivalent to moving to another T-dual frame where the same twist 9 is no longer a geometric 
one but still acts symmetrically. If we compute the twist phase factor, it turns out that it 
depends precisely on the LHS of (12.171) . with B 0 replaced by SB. Thus, even for symmetric 
orbifolds, this twist phase factor is not trivial for those which are non-geometric. These 
non-geometric orbifolds are simple to describe since they are related to the corresponding 
geometric ones by a suitable shift in the B-field, yet they furnish an explicit class of examples 
where the twist phase factors are non-trivial and which the non-geometry of the background 
is precisely understood as arising from a gauge transformation of the B-held in the original 
geometric orbifold. Generally, for asymmetric orbifolds, the twist phase factor is not trivial 
even in the case of vanishing B-held. 

In the subsequent sections, we shall solve for the phase factors explicitly for a class 
of asymmetric toroidal orbifolds in which the twist is trivial in the left-moving sector, and 
discuss how they appear in the partition traces by evaluating them on the residual sublattices 
in the partition traces Zq. We find that while their inclusion does not completely guarantee 
level-matching as orbifold CFTs on their own, in all the cases that we consider, their presence 
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ensures that 


ZS(r+N,) = e iS ZS( r), 


(2.18) 


where N h is the order of the twist h and 5 is some real constant. In a broader sense, 
these phase factors arise as necessary conditions for T-duality to be an automorphism of 
the operator algebra yet they are not always sufficient for a consistent orbifold construction. 
Nonetheless, the phase factor 5 should be taken into account together with other possi¬ 
ble similar factors when we tensor the orbifold CFT with other CFTs like that of twisted 
fermions, shift orbifolds, etc. In Appendix [A] we provide a review of the modular transfor¬ 
mation properties of chiral bosonic and fermionic blocks capturing the oscillators’ degrees 
of freedom. They transform like in (12.1811 . while the phase factors ensure the bosonic lattice 
sums also transform likewise. 

On this note, we should also mention that in |36], level-matching conditions are explained 
to be the vanishing of certain characteristic classes in the orbifold group cohomology. In 
[ 36] , the analysis pertains to symmetric orbifolds of the heterotic string and thus only chiral 
fermionic partition traces are taken into account, since the anomalous factors of the left- and 
right-bosonic chiral blocks should cancel each other and there is no residual bosonic lattice 
sum (apart from the internal 16-dimensional lattice). It would be interesting to furnish an 
equivariant geometric understanding of the modular covariance of asymmetric orbifolds by 
studying how the methods of [36J extend to twist phase factor-refined lattice sums. 

To summarize, one can decompose the stringy Hilbert space into eigenspaces of the T- 
duality symmetry operation, and demand that the operator algebra preserves the symmetry 
in such a basis. Preserving mutual locality of the vertex operators in the untwisted sector 
leads to non-trivial constraints among the two-cocycles and phase factors that accompany 
the T-duality operations. These constraints can be interpreted as solving for the ratio 
e(a, f3)/e(g(a), g((3)) to be a trivial class of H 2 (A,U(1)), subject to certain orbifold group 
action-dependent constraints for the twist phase factors (which are the one-cochains). When 
evaluated upon the invariant sublattices, the twist phase factors are trivial elements of 
H l { A, f/(l)), and their appearances in the partition traces preserve the modular covariance 
of the orbifold CFT, up to a constant phase factor as in (I2.18p . In the following sections, 
we will provide various illustrations mainly using asymmetric orbifolds of root lattices as 
working examples. 


3 The simplest T-fold 


As a warm-up, we first study a simple asymmetric orbifold S 1 / Z 2 , where the Z 2 acts as a 
chiral reflection on the right-movers. This twisted circle compactihcation is a T-fold because 


the twist 


X R —> X L , X R —> —X R 


(3.1) 
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is the only non-trivial element of 0(1,1;Z). For this twisted compactihcation, the circle 
radius must be frozen at the self-dual point, an important feature that distinguishes it from 
its symmetric counterpart where the Z 2 acts as a geometric reflection. In the latter, after the 
orbifold identification, the S 1 becomes a finite interval of which end-points are fixed points 
of the Z 2 , leaving no restriction on the original radius modulus. 


For the T-fold of (13.1H . the partition traces were proposed in [10] to read 


Z° 0 (r) = 

Zo(t) = 
Z°Ar) = 
Z\{t) = 






a {n+w ) 2 R \{n-w) 


v(t) 

1 

v( T ) 

1 

v{t) 


24 na 


q n Y l 


E (- 1 ) m2 ^ 2 


?«n^ 1 *) 1 

n 

cp JJ(1 + 


Ed 


(m-i) 2 


E 




(3,2) 


In the above form, these partition traces satisfy the modular covariance (12. ip and there 
are two features in (I- >. 21) which are absent in the symmetric orbifold case. The first is that 
the T-duality operator that is inserted in the sum does not merely switch the winding (w) 
and momenta (n) but has an additional Z 2 phase factor. Secondly, the momenta in the 
twisted sector are different from what we would naively expect. Since T-duality switches 
n •<->• w, the left-moving momenta modes vanish and we are left with the right-moving ones 
but Pr A n + w — 2n, and are instead quantized as m — \ for some integer m. We now 
proceed to understand the form of the partition traces in (j3.2j) in detail. First, we shall 
elaborate on the cocycle factors and twist phase factors for the simplest T-fold. From (12.60 . 
we shall take the cocycles to be of the form 




(3.3) 


Since they furnish a projective representation (see eqn. (12.71) ) of the Narain momenta lattice, 
they are of the form 

Cl = rnf;a R - m L L a L , ( R = m^a R - m L R a L , (3.4) 

and from (12.81) . we obtain the condition 

m R +m R = ± 1. (3.5) 


As mentioned earlier, there is a gauge degree of freedom corresponding to 

C(a) e iS ^C(a), e{a, (3) ->• e i[s ( a)+m ~ s ( a+m e{a, p). 

The phase 5(a) may be fixed by imposing the hcrmiticity condition C\°>) = C(—a), and if 
so desired, we can compute 5(a) to read 

7T 

<*(<*) = 4 ( m L«i - m R a R + ( m R ~ m*)a L a R ) . (3.6) 
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We note that in [TO] , the choice of mf = = m\ j = | was made in (13.61) . Now, 

following (12.12p and (12.131) . we now consider the OPE of two vertex operators labeled by Z 2 
indices a, b. 


V(a,z 1 ) [a] V(/3,z 2 )[ b ] 

V{a,z 1 )xV(f3,z 2 ) 


= 1 [V{a, Zl ) + e~ i7va g o V(a, z,)\ x [V(/3, * 2 ) + e~™ b g o V{P, z 2 )] 
+ e ~ in ( a+b ) (g o V(a, Zi)) x (g oV({3, z 2 )) 

+ e-““ ($ o V(a, Zl )) x F(/3, z 2 ) + e~ M V(a, Zl ) x ($ o I/(/3, z 2 )) 


= l(6z)* k % kP *(6z)* k Z k Z 

+^(6z)* aaf)R (5z)- 


e(a, /3)C(a + /9) + e -™(“+*0 e (t( a ), t{0))t a t p C{t{a + £)) 

e -^ Q e(^(«),/3)(7(^(a) + /3) + V(«,^(/3))C(« + g(J3)) , 

(3.7) 


where g(ot) are the twisted momenta, and g a are the C/(l) phases that appear when g acts on 
the cocycles. We seek conditions on these phases for the fusion rule (I2.13P to be preserved, 
and this should be done for each bracketed expression in the last line of (13.7ft . For the first, 
we have the constraint 

e(a, /3)g a+ pC(g(a + f3)) + e~ in(a+b) e(g(a), g^))g a ggg g ^ + p)C{oL + (3) 

= €(g(a),g{P)) ga gpCig(a + ?)) + e~^ a+b h(a, P)C(a + /3), (3.8) 

from which we obtain 


e(a,(3)g a+ p = e(t(a),g(P))g a gp (3.9) 

e(a,/3) = e(g(a),g(P))g a gpg g ( a+l3) . (3.10) 

Identical constraints come from the second bracketed term, and (13.91) - (13 .1 01) yield 

9<y.gg{a+fi) 1- (3.11) 

For the Z 2 orbifold that we are considering, the non-commutativity phase e reads 

e(a,/3) = e j f( n P w °‘- naW p\ (3.12) 


Assuming that all the quantum numbers are integer-valued, we End that the most general 
solution to the phases g a reads 


n _ inriaWa mc(n a +w a ) 

ya e c 


(3.13) 


where c can be an arbitrary integer. In [10], c is set to be zero. This expression reproduces 
the form of the partition trace Zq. Note that when g is inserted in the partition function, 


13 





















it forces all contributing states to have equal momenta and winding numbers, and thus 

e iTrc(n a +W a ) — 1 

Finally, let us comment on the twist phase factor in the twisted sector. We have seen 
that in the untwisted sector, preserving the symmetry of the operator algebra leads to a nice 
relationship between cocycle factors and the twist phase factors. In the twisted sector, there 
exists the notion of a twisted vertex operator a V corresponding to the states in the twisted 
sector. Since two twisted vertex operators close onto an untwisted one, so one also needs 
the notion of an untwisted vertex operator U V in the twisted sector, with the OPE relation 

YxT~ a V. (3.14) 

Like in the untwisted sector, one needs to ensure the mutual locality of the untwisted vertex 
operators with suitable inclusion of cocycles for U V too. This would be treated carefully in 
Section l4.3.31 For the simplest T-fold, U V creates a state of vanishing left-moving momentum 
and right-moving momentum of an even integer say 2 n, whereas a V creates one of vanishing 
left-moving momentum and right-moving momentum quantized as Z — |. Earlier we have 
derived the twist phase factor (13.131) in the untwisted sector which yields the twist eigenvalue 
of U V to be e™ 2 . Demanding the twist eigenvalue of twisted state on the RHS of (j3.14[) to 
be identical to the product of e™ 2 and that of a V on the LHS of (13.141) then leads to the 
form of the phase factor in the twisted sector (see last line of eqn. (13.21) ) as predicted by 
modular covariance of the partition traces. Now, let us proceed to apply these observations 
to general asymmetric toroidal orbifolds. 


4 Asymmetric Toroidal Orbifolds 

We can write the left and right momentum zero modes in a D -dimensional toroidal back¬ 
ground as 

P R = n i -(B ij + G ij )m j , P? //,- - ( B ;j - G :j ) m j (4.1) 

where n^m- 7 are integral momenta and winding numbers, {G,B} are the D 2 metric and 13- 
field moduli respectively. Under any 0(d , d\ Z) element O , the 0(d, d\ R) / (0(d; R) x 0(d ; R)) 
coset representative Q and quantum numbers transform as 

(4.2) 

We now construct an orbifold of the toroidal background by adopting O as the twist. Fur¬ 
ther, we wish to restrict ourselves to cases where the twist is realized as independent linear 
transformations of the left and right-moving momenta, i.e. 

P R (n,m) -X ( 0 R ) k .P if, P z L (n,m) ->• (6 L ) k . P fc £ (n,m) (4.3) 
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We find that for (j4.3[) to hold, the background moduli must be self-dual. Defining E = 
G + B upon which T-duality is realized as a fractional linear transformation, the self-duality 
condition and twists read 


_ aE + b 
~ cE + d ’ 
d R = d T - Ec T 


G = 9G9 t 
(E a T - b T )E~\ 9 l 


d T + E t c t 


(. E T a T + b T )E T '\ 


(4.4) 

(4.5) 


The self-duality condition is equivalent to keeping the conformal weights of P| R invariant 
or simply the metric-preserving condition for both left and right sectors. For later purposes, 
we find it convenient to parametrize O in terms of 9. Defining 



£ 

HH 

III 

^b 

(4.6) 

the element O can be written a^| 



n- 1 (°L 1 + Or 1 + B9 t _G- 1 

2 V 9 t _G- 1 

~{ d ~R + d~L + B9 T _G~ 1 )B + (G9 T _ + BO?) \ 
—9 R G~ 1 B + 91 )' 

(4.7) 


from which we see that we obtain an asymmetric orbifold whenever we have a non-zero c or 
9 _ = 2 Gc T . 


4.1 T-duals of geometric twists in T 2 compactification 


^ 3 , 4,6 asymmetric orbifolds can be realized in each of two T-dual frames of the respec¬ 
tive symmetric Z 3i4]6 orbifolds by twisting with their crystallographic symmetries. In each 
frame, both the left and right twists are rotations (they turn out to be inverses of each 
other), so there are no surviving zero modes in the twisted sectors. Let us first describe 
the well-understood symmetric orbifolds. In the lattice basis, the Z n rotations are realized 
as SL( 2, Z) matrices acting on the complex structure Now let O g denote the geometric 

SL{ 2, Z) action. The generator of the orbifold group reads ^ ^ • The self-duality 

conditions lead to the following backgrounds (v denotes the order, with the rotation angle 
being 2tt/u): 


(i) r = i,O fl =(J q)’ E = 

(ii) T = e f ,O g = ^ J ) ,E 
iii)r = e^,O g = Q q 1 ) ’ E 


V 
-B 

V 

7 ! 

v_ 

7 ! 



, iy = 4 


2 

1 | V3B 
1 " r V 

V3 B 

2 

V 


2 

i | V3B 
1 " r V 

%/3 B 

2 


(4.8) 

u = 3 (4.9) 
u = Q (4.10) 


3 One can check that our expression differs from equations 14-16 of m purely due to a difference in the 
normalization of the moduli. 

4 In this and the next subsections, we will sometimes let r denote the complex structure of the target 
space torus, whereas for the rest of the paper, r typically denotes that of the Euclidean worldsheet torus. 
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In these orbifolds, the Kahler modulus p = B + iV is left unfixed. Let us now perform 


T-dualities along each of the two cycles of T 2 . For some O g = 


a f3 


, the orbifold twist 


3 V x 5 

now possibly develops an asymmetric component. Letting O d)>( 2 ) denote the generator after 
T-dualizing along the X 1 ’ 2 directions, 

e> (1) = 


si 2 

i/3a 2 


-IX02 

Oil 2 


o® = 


at 2 i/3cr 2 

-ix° 2 512 


(4.11) 


The background moduli are the T-duals of the former, and are rather simple to describe as 
follows. 


T-duality along X 1 : r -H- — p (4-12) 

T-duality along X 2 : r —y p —y —: (4-13) 

\p\ m 

It is useful to write (14.lip in terms of the left and right twists 6 L,R via (14.71) . In the T-dual 
frame of each of the cases (i)-(iii), we find that the left and right twists ( 6 L,R ) are inverses of 
each other, and are SL( 2, K) transformations in general. They are thus asymmetric orbifolds. 
The twists in both frames are related by o Tl e T T2 = i. Below, we display 6 R = ( 6 L ) 1 and their 
eigenvalues A for each case. Note that the moduli parameters are the original ones before 
we perform the respective T-dualities. 


(i)r = i,9 R = 


1/ 


(ii)r = ef,(6 R )~ 1 = 



, A = =ti 


V3(B 2 +V 2 ) 

2V 

1 _ V3B 

2 2V 


, A = e 


I Z7CI 

111 3 


(mjr = e 3 , 


- e R = 


1 _ \/3B V3 

2 2 V 2V 

%/3 (B 2 +V 2 ) l , y/3 B 

2 V n ' OT ' 


, A = e 


I TTl 

111 3 


2V 


(4.14) 

(4.15) 

(4.16) 


Finally we note that if we T-dualize along both toroidal directions, we obtain a symmetric 
orbifold with the inverse identification. Since both left and right-movers are rotated (in 
opposite directions), there are no surviving zero modes, and the background moduli do not 
appear in the expression of the one-loop partition function. 


4.2 Constructing chiral asymmetric orbifolds 

In the following, we shall construct asymmetric orbifolds which are not T-duals of geometric 
ones. As a start, we restrict ourselves to those in which the orbifold actions are of the form 
6l,r G Z/v, Qr,l — 1 2 • We shall henceforth refer to this special class of orbifolds as ‘chiral’ 
asymmetric orbifolds in this paper. 
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Letting either the left or right action to be trivial, the respective 0(d, d, Z) element then 
reads 


(i )O l = 
(h )O r = 


1 2 + Ec EcE T \ 
c t 2 + cE T ) ’ 

1 2 + E T c - E t cE \ 
—c 1 2 + cE J 


1 2 + 2 Gc T , 9r — 1 2 , 

(4.17) 

■ 1 2 + 2Gc T , 9r = 1 2 . 

(4.18) 


Given a metric-preserving twist 0, there is no further restriction on the B-held apart from 
the requirement that the matrix elements of O are integer-valued. Starting from any Ol,r 
above, we can construct a symmetric orbifold by taking the product 


O sy m. = OlOr = 


l 2 + 2Gc -E t cE + EcE t 
0 1 2 + 2 cG 


9- 1 B9 t — 9~ l B 
0 9 T 


(4.19) 


This element correponds to a symmetric orbifold with twist 9 = 1 2 + 2 Gc T , d _1 = 1 2 + 2Gc. 
From (14.19f) . we see that any asymmetric T-fold of the above form must descend from a 
symmetric orbifold, and that an element of the symmetric orbifold group does not necessarily 
belong to the GL(d ; Z) subgroup since we can perform a integral shift of the B held. The 
converse is however not true. From a generic symmetric orbifold, one cannot always take 
the ‘square root’ to obtain an asymmetric one with the original twist acting on the right or 
left moving momenta. 

In the following, we will describe some two-dimensional examples followed by a more 
systematic description of appropriate moduli for higher-dimensional tori. Let us work with 
r = i and r = ew. For these moduli, we can only find the following asymmetric orbifolds of 
the form above (where the orbifold generator in one chiral sector is trivial). We display the 
twists and their corresponding 0(2, 2; Z) elements in Tables 1 and 2 below. 


7R 


O 


R 





Table 1: r = p = i. Note that contrary to the symmetric case, there is no Z 4 element. 
Together with the identity, the three 9r form the group 0(1,1; Z) or equivalently the Weyl 
group of A\ x A\. 


For each case in Tables 1 and 2, there is a corresponding orbifold in which the same twist 
defines a non-trivial 9r instead of 9r. Worldsheet parity symmetry yields the corresponding 
commuting Ol element which one can read off from (I4.17F Thus, we can use them as 
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/ 1 0 0 0 \ 
0 0 0 1 
0 0 10 
v 0 1 0 0 y 



/ 0 1 1 0 \ 
0 10 0 
1-10 0 

V - 1 1 1 l ) 



( 0 0 1 1 

-1111 
10 0-1 
v 0 0 0 1 


\ 

/ 



/ 0 1 1 0 \ 

-1111 
1-10 0 
v 0 1 0 0 y 


Table 2: r = p = e m ^. Note that contrary to the symmetric case, there is no Z 6 element. 
Each element generates a Z 2 action except for the last which generates a Z 3 action. We 
have omitted the inverse of the last entry. Together with the identity, they yield the discrete 
group S 3 - the Weyl group of A 2 . 


building blocks to generate independent Zjy actions on the left and right-moving sectors. 
We can of course consider their 0(2, 2; Z) orbits. Let T be the T-duality element which 
defines the dual frame. In our conventions, the new orbifold element O now reads 

6 = T~ l OT, E = T~ 1 oE, (4.20) 

It is crucial to note that this does not exhaust all the possibilities of orbifold actions which are 
asymmetric. We have encountered the class of T-duals of the geometric rotational orbifolds, 
which in particular contains asymmetric Z 4 twist for r = i and Z 6 twist for r = ef. The left- 
and right-actions are however not independent. Another class of asymmetric orbifolds can 
be constructed in which there is a Z)y x Zy) action arising from the SL( 2, Z) T x SL( 2, Z) p 
subgroup. Factorized T-dualities exchange the complex structure and the Kahler modulus, 
and from the T-duals of the geometric orbifolds, it is easy to deduce that in terms of their 
right- and left twists, zJ'ff is generated by 0l = Or while Z^ is generated by 0l — Or 1 - 

Now, the T 2 orbifolds we have considered in Tables 1 and 2 can be equivalently described 
as orbifolds of the root lattices A 1 x Ai and A 2 by their Weyl groups. For their geomet¬ 
ric orbifold counterparts, there are more possible orbifolds, since automorphisms of these 
root lattices do not just comprise of Weyl reflections but also outer automorphisms which 
are geometrically realized as discrete symmetries of the respective Lie algebras’ Dynkin di¬ 
agrams. For example, the Z 4 and Z 6 orbifold elements cannot be embedded in 0(2, 2; Z) as 
chiral asymmetric twists, but they do act legitimately in symmetric orbifolds of the same 
tori of which they are associated with the Z 2 outer automorphism group elements of the 
respective root lattices. This simple fact prompts a broader question, namely, for a generic 
d-dimensional chiral asymmetric orbifold of the torus of the form A r/Q, where Ar is a simple 
Lie algebra’s root lattice and Q some symmetry group, is the set of embeddable Q always 
equivalent to its Weyl group? 

Let us first focus on root lattices of simply laced algebras of which rank is equal to the 
torus dimensionality. From (I4.17F it is clear that we require both c = ^(0j( — IjLA 1 and 
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E = G + B to be integral. We can endow the torus with a metric 

G ij 

where ct* are the simple roots and k is some suitable constant which we shall £x shortly. 
Recall that the Weyl group is a Coxeter group generated by Weyl reflections about the 
hyperplanes orthogonal to each simple root at m . In the language of (14.17ft . they are realized 
as asymmetric twists 9G9 of the form 

eif = Sij - c im 8 mj (4.21) 

where m is not summed over, and C irn = 2(ct,, a m )/(a m , a m ) is the Cartan matrix. Normal¬ 
izing all the roots’ lengths to be two, we then have 

4 = ~S ’J mi . (4.22) 

After also taking into account the integrality of E, it is clear that we should set k — 1/2 
which give us the self-dual moduli 

Gij = 2 ^ij, Bij = Gij Vi > j. (4.23) 

Thus, all Weyl reflections can be embedded in 0(d, d\ Z) as asymmetric twists for the special 
moduli (I4.23I) . What about the outer automorphism groups? For A± x A\ and A 2 , we have 
seen that they cannot be be embedded in the T-duality group as chiral twists. There are 
not many of them and we can quickly check their relevance. 

We display these twists in Figure 1 where each outer automorphism descends from a 
permutation symmetry of the nodes of the respective Dynkin diagrams. Although they are 
realizable as geometric twists, we checked that all of them unfortunately yield non-integral c 
in (14.171) , and thus they cannot be embedded in 0(d, d\ Z) as chiral twists. With a tad more 
work, we can extend what we have learnt to the non-simply laced algebras too. The crucial 
point is to invoke the fact that as root lattices, we have the equivalence 

G 2 ~ A 2 , Bn ~ A^, Cjy ~ Dpt, F 4 ~ ZI 4 . (4.24) 

Each equivalence can be represented by a integral linear transformation matrix T that maps 
the simple roots between members of each pair in (I4.24H . Using an explicit description of 
the roots, we can derive these transformation matrices straightforwardly and relate between 
the non-simply laced variables (tilded) and the simply laced ones as follows 

G = EGE 7 1 B = EBE t , 9 — T9T~ X . (4.25) 

Since the outer automorphism groups of the non-simply laced algebras are trivial by inspec¬ 
tion, the Weyl (W) and outer automorphism groups (T) of the simply laced algebras should 
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Figure 1: Outer automorphisms corresponding to discrete symmetries of the Dynkin di¬ 
agrams. The twist groups are all Z/Z 2 apart from the triality of D 4 in which case the 
symmetry group is S 3 . 


map to the Weyl group of the non-simply laced ones (W). Formally, this is captured in an 
exact sequence 

l->W->W->r->l. (4.26) 

Thus, for the root lattices of the non-simply laced algebras, not all members of the Weyl 
group yield a chiral asymmetric orbifold, but only those which related to the simply laced 
elements by (14.251) . For example, for Cjv, the Weyl group is Sn K (Z 2 ) iV , but allowed chiral 
asymmetric orbifolds elements derive from a smaller group Sn k (Z 2 ) jv_1 since we have to 
mod out by T = Z 2 . Similarly, the chiral twists for F 4 and B N yield orbifold groups that lie 
in S 4 ix (Z 2 ) 3 and (Z 2 ) 7V respectively. 

Also, we wish to point out that there is a subalgebra within the operator algebra of these 
asymmetric orbifold theories that is isomorphic to Kac-Moody algebras (associated with the 
loop extension of the finite-dimensional Lie algebras of which roots generate the toroidal lat¬ 
tice). This basically descends from the fact that, without orbifolding, toroidal backgrounds 
which are root lattices of simply-laced Lie algebras admit such enhanced symmetries, and 
thus are equivalent to WZW theories based on the same Lie algebras. For the chiral asym¬ 
metric orbifolds discussed above, it turns out that our choice of the metric and B-field are 
compatible with the emergence of these enhanced affine symmetries (see also [ 381 [39 ] for 
related results). 

Let us briefly review the well-known fact that affine algebras admit vertex operator rep- 
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resentations. Recall that the affine currents J a of conformal dimension one satisfy the OPE 


J a {z)J b {w) ~ 


kG ab ifc b J c (w) 
(z — w) 2 z — w 


(4.27) 


where k is the Kac-Moody level, G is an appropriate Killing form and f abc are the structure 
constants of the associated finite-dimensional Lie algebra. It turns out one can realize (I4.27P 
for simply-laced algebras with the theory of a free chiral boson <E>(z) with suitably normalized 
zero-mode momenta. Now, let us denote H k to be the generators of the maximal torus, and 
E° to be the raising/lowering operators associated with some root a. To realize (I4.27H . we 
let the identity to be the extension operator, and 


H k \z) = id$ k (z), E a (z ) = V(a,z) = e ia ^ k(z \ |a| 2 = 2. (4.28) 


And thus we see that the zero mode momenta are selected to lie in the root space of the 
associated finite simple Lie algebra. This constraint sets up an operator subalgebra that 
reads 


H k (z)E a (w) 


a k E a {w ) 


w 


(4.29) 


E a {z)E f) {w) ~ {z-w)^E a+ ^(w) + (z-w) 1 + ^'>a k H k (w)E a+p (w). (4.30) 

For a simply-laced algebra, singular terms arise when we have (cq/3) = —1 or (a, (3) = —2 
(and thus a + — 0). In the former, the simple pole picks up a negative sign when we 

exchange a O /3, z -H- w. Mutual locality thus requires the presence of cocycle factors, of 
which insertion implies that 114.29)1 and 114.30)1 are equivalent to 114.27)1 in the Cartan-Weyl 
basis. In toroidal compactihcations with non-zero Kalb-Ramond B-held, such enhanced affine 
symmetries can then arise whenever there exists some set of left and/or right momenta which 
act as roots of some simply-laced algebra, i.e. \pl,r \ 2 = 2. 

In the context of chiral asymmetric orbifolds of toroidal root lattices of the ADE serie^], 
chiral twists which kill off all modes in either left or right sector imply that the surviving 
zero modes read oi k LR = ±2 G k mK Since we adopt the metric to be half the Cartan matrix, 
we arrive at precisely the correct normalization for 114.27)1 to be realized. 


Finally, we comment on a class of asymmetric orbifolds considered in some papers [2TH 28]. 
which are not T-folds. Recall that there is an 0(d]M) x 0(d;M) subgroup in 0(d,d]M .) 
which preserves the spectrum. These transformations are symmetries of the theory in the 
sense that they are tranformations acting on the 0 (d,d ) coset metric Q which preserves the 
Hamiltonian, but they are not automorphism of the Hilbert space, or in this case, there 
is no relabelling of winding and momenta numbers which are consistent with quantization. 
The only elements for which the transformation is an automorphism belong to the subgroup 
0(d; Z) x 0(d] Z) as embedded in the T-duality group. In the lattice basis, defining the metric 

5 For non-simply-laced algebras, roots of other lengths require addition of free fermions whereas for other 
levels, it is known that one needs free parafermions. 
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G in terms of the vielbein G = ee T , we have 6 = eRe x , where R G 0(2, K).Explicitly, in 
our chart 

1 0 \ / cos 9 sin 6 \ 1 / — T\ sin 6 + r 2 cos 0 sin 6 

T\ t 2 / \ — sin 0 cos 6* J ' R r 2 \ — sin0|r| 2 Ti sin 0 + r 2 cos 0 

Thus, we could have an asymmetric Z 4 acting chirally for r — i (or Z 6 for r = ef) but these 
orbifold elements are not contained in 0(2,2, Z). 



4.3 2-cocycles and asymmetric twists in toroidal orbifolds 

In the simplest T-fold, we have seen that for twisted sectors in which there are surviving zero 
modes, the mutual locality of the vertex operators leads us to the correct construction of a 
phase-factor refined orbifold twist. The modular orbit of Zq(t) yields the other two partition 
traces Z\ (r) and Z 4 (r), revealing how the twisted zero modes are quantized and the twist 
phase factor in the twisted sector. The former should be compatible with level-matching 
conditions, and the latter compatible with a fusion rule that furnishes a representation of 
the orbifold group. Below, we shall explore the universality of these relations for a general 
asymmetric toroidal orbifold. 

4.3.1 An expression for the 2-cocycle 

We now present a simple expression for the cocycle. From (13.3[) . 

e(a,/3) = e 45(0+<k/b- 5 («-wb) e -^(mAA/h+mrCfl(/b) ; ( 4 - 31 ) 

and thus, to preserve mutual locality of the vertex operators, we need 

Pl ■ Cl(ch) + Pr ■ (r(ck) — OLL ■ C l(P ) — OiR ■ Cr(P) = a R ' Pr ~ a L ■ Pl • (4.32) 

Now we adopt the following ansatz for 9 l,r- Restoring the indices, 

Cl (^0 * &Rn * C^-Lm C R ^ C^Rn ^ ^Ln* (4.33J 

The condition that we are seeking for can thus be written as 

Pr' ( R Z — R Z T ^j ■chr+Pl■ ( L Y T — L y ) -oil+Pl-( r Y + L Z T ) • oir—Pr■ ( L Z + r Y t ) -oil = ocr-Pr—cvl'Pl- 

(4.34) 

Guided by the simplest T-fold, we find the following solution for C l,r(oP) and 5(a). 

Cl(«) = l -[G- l -G- 1 BG- 1 )(a R -a L ) 1 

C R (ot) = ^ (G _1 + G _1 -BG _1 ) (a R — a L ), 

7r 

5(a) = -- (a L ■ ( L (a) + a R • Cr(«)) • 
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(4.35) 

(4.36) 

(4.37) 





The phase (14.37P was derived by imposing the hermiticity condition for the cocycles, i.e. 
C^(a) = C(—ot) which yields 5(—a) + 5(a) = — | (k L ( L + ^rCr)- From (I4.35P - (I4.37p . we 
can compute the non-commutativity phase to read 

e(« /3) = e 2 r(/ 3 Lr n G mn a lin - l 3j irrl G mrl a L „-(a Iim -a Lm )B mrl ( l 8 Iirl -/3 L „)) _ e ^(n a m /3 -n /3 m a ) ^ gg) 

On the other hand, we note that the C(a) can be expressed in terms of e(a,/3) by defining 
the momentum states created by C(a) acting on the vacuum, i.e. 

| a) = C'(a)IO), 


upon which it is easy to see that 

6 (a) = '£t(a,0)\a + D){P\. (4.39) 

P 

As mentioned earlier in Section [ 2 j from the associativity of the OPEs among the vertex 
operators, one can show that 


e(a, f3 + 7 )e(/ 3 , 7 ) = e(a, /3)e(a + f3, 7 ), (4.40) 

from which we can interpret e(a, /3) as a 2-cocycle of the Narain momenta lattice A. Further, 
there is an equivalence condition that we should impose that will imply that e(a, /3) is a class 
of the second cohomology group. In (14.39P (or (12.71) 1. there is a gauge degree of freedom 
preserving ( 12 . 8 p that corresponds to 

C(a) -> e i5 ^C(a), e(a, 0) -> e ( a , /3 ) (4.4!) 


where 5(a) is some scalar function of a. For example, for the chiral asymmetric orbifolds 
considered earlier in Section 14.21 where there are no surviving right-moving momentum zero 
modes, upon evaluation on the invariant sublattice (A*), a# = 0, a^* = 2 G^m 3 = C^m 3 and 
the 2 -cocycle reduces to 


e(a,/3) U/jgA*. 


= e ~ inB ki m a m p 


(4.42) 


We can perform a gauge transformation with 


= -j^2Ckim k a m l 0 

k^i 


which takes us to 

e(a, /3) = e i7T ^» Ckim « m P. 


(4.43) 


This particular form of two-cycle has appeared more frequently in the literature of vertex 
operator algebra (see for example [ID]). 
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4.3.2 Twist operators from 2-cocycles and a fusion rule 


Let g denote a 7L^ twist, and consider the following linear combination of vertex operators 

N 

V(a,zi )[a] = ^e"T M roh(a, 2l ) (4.44) 

m =1 

which has a ^-eigenvalue of The OPE between two of them which reads 

V>, Zl ) [a] x V(/3, z 2 )[ b ] = Y e-^ (ma+fcb) (g m o V(a, z x ) x g k o V(/3, z 2 )) (4.45) 

m,k 

should give us operators which have eigenvalues e^( a+b \ As we saw in the case of the 
simplest T-fold, we shall refine the T-duality twist by tensoring it with a U( 1) phase factor 
which we shall call U(g,a ), i.e. 


9 ° V(a,z x ) = U(g,a)V(g(a),z 1 ). 


(4.46) 


The phase factor U(g,a ) is nothing but the generalization of (13.13ft for the simplest T-fold. 
With (ESP , the RHS of (14.451) now reads 


'y ^ ((J~) 2 a R G 1 9 r 'P r (§z) 2 a L G 1 9 l '@ l x 

5=1—k 
N—l 

v -- 2Tri(k(a-\-b)-\-bS_) _ ^ 

XI <=-*- U(g\ a)U(g s - +k , 0)t (g k (a),g'(P)) C (g k (a) + g‘IJ3)) 


k =0 


(4.47) 


where we have used the fact that 


0 g m ■ a) T G~\g k • /3) = a r G~ 1 (g k ~ m ■ 0) 

C(g 1+ r(a)) x C(g k+ ^/3)) = U(g 1+ ^ a)U(g k ^, fie {g 1+p [a), g k+ ^)) C {g 1+p (a) + g k+ *>(/3)) , 

(4.48) 

since the twist g is metric preserving and thus satisfies G = g^G~ 1 g~ 1 . Acting on (14.471) 
with twist g, we obtain 

(< 5 ~) h a R G ~ 1 9 l R k -PR 

5=1—k 

U(g k -\c)U(g s -+ k -\P)t (g k -\a),g , -\0)) U (g,g k -\a) + g‘-'(0)) C (g k (c) + g\0)) . 

(4.49) 


JV-l 

E 1 

k =0 


2ni((k-l)(a-\-b)-\-bS_ ) 
N 


x 


Comparing (14.47ft and (14.491) . we obtain 

U(g l+P , a)U(g k+p , /3)e (g 1+p (a),g k+p (/3)) 
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= U(g p , a)U(g t+p -\ D)U(g, g p (a) + g“* p -\D)y (g p (a), g^-'iP )). (4.50) 


We can recast (I4.50P in more illuminating forms. Let’s judiciously take k = l = N — 1 which 
yields 

U(9,<x + P) = e(9{a),9(P)) (4 „ s 

U(g,a)U(g,P ) e(a,0) 1 ‘ J 

where we have invoked the boundary condition 17(1, a) = 1. In (14.501) . replacing a —> 
g p (a),/3 —> (7 fc+p_1 (^), we can remove the appearance of the 2 cocycles and obtain 

U(o p ^ ck) U(o p ^ 3) 

= mJhwkiry (452) 

Each side of (14.521) can be taken to be unity, and thus we arrive at the relations 

N 

U (g p+1 ,a) = U(g p ,a)U(g,g p (a)), ]ju(g,g j (a)) = 1. (4.53) 

3 = 1 


As mentioned earlier in Section [2J these constraints can be interpreted as solving for the 
ratio e(a, /3)/e(g(a), g{(3)) to be a trivial class of /7 2 (A, 17(1)), subject to certain orbifold 
group action-dependent constraints for the twist phase factors (which are the one-cochains). 
Further, when evaluated upon the invariant sublattices, the twist phase factors are trivial 
elements of 77 1 (A, 17(1)). Shortly in Section 0 we will compute the twist phase factor 
from (14.511) and (14.531) for some two-dimensional and six-dimensional examples of chiral 
asymmetric orbifolds by solving the triviality condition. 


For symmetric orbifolds, in the absence of a B-field, the orbifold twist is always a geometric 
one (see eqn. (|4.19|) ). and in this case, the metric-preserving relation G = 9G9 T suffices to 
show that the RHS of (14.51 jl reduces to unity. Let us now turn on a B-field, in which case 
we find that the RHS of (14.51j) reads 


-if( aR - aL )^(e-^Be^-B) C Br-PlY 

, ^ v / mn 


(4.54) 


Therefore, as mentioned earlier in Sectional for B-fields which do not satisfy (12.17 j) . the twist 
phase factor is non-trivial even for symmetric orbifolds. As (j4. 19j) reveals, this condition turns 
out to be the defining one for the symmetric orbifold twist to be geometric. Such a non¬ 
geometric background can nevertheless be regarded as the T-dual of a geometric bakground 
(with the same metric and any B-field B 0 satisfying (12.171) 1 with the T-duality element 


T 


1 5B \ 

0 1 / ’ 


(4.55) 


from which it is easy to see that the non-geometric nature arises simply from a gauge 
transformation of the B-field via the shift B 0 —» B 0 — 5B for some suitable SB that appears 
in the twist phase factor from (14.541) . 


Thus we have seen that the twist phase factor is non-trivial even for symmetric orbifolds 
and precisely for those of them which are not geometric. In these cases, the effect crucially 
depends on an appropriate B-field to be turned on. In the general case where the twist can 
be asymmetric, even in the absence of the B-field, the twist phase factor can be non-trivial. 
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4.3.3 Untwisted vertex operators in twisted sectors 


In the twisted sectors, we should also preserve the mutual locality of untwisted vertex oper¬ 
ators invariant under the twist which we shall denote by U V. States in the twisted sectors 
can be created by acting on a twisted state with these vertex operators. In the following, 
we shall derive the equation to be satisfied by the cocycles for U V when we demand mutual 
locality, and point out how the twist operators in the untwisted and twisted sectors should 
relate to one another to preserve the symmetry of the operator algebra. 

For definiteness, we shall restrict ourselves to chiral asymmetric orbifolds with a Zjv twist 
acting only on the right-movers, i.e. g = (1,0), so 6 denotes the twist that defines the 
string’s boundary conditions in the twisted sector, and we let a R) ot R denote the momenta 
zero modes that lie in the invariant Narain sublattice. The untwisted vertex operators in 
the twisted sector can then be written as 


U V ( z , z) = C{a)e 

where C(a) is a cocycle operator, and 


ia L u X L (z) e ia R u X R (z) 


(4.56) 


U X\ = x 


v rSZ 


*Xr = x* R --G'’p Rj \nz + 


£ 


Cl 


■J2N ^ rz r ’ 

V reZ/N 


N -1 

< 4 ’ 57 ) 

s=0 


We can compute the VEV of the twisted oscillators of which commutator reads 

JV-l 


[C' r ,ci] = -^j<W+.),o Y, ( 0 % («") 

JV-l 

= 0 , 

fi =0 


leading to the expectation value 


N -1 


- (a R u X osc {z)~p R u X osc {w)) = 2 £ ln ( 1 - 

fi =0 


_ 27ri/£ / W\ 

e n _) 

V z 


1 /N\ aRi^PRj 


J 


Hence in the OPE of two U V, the right oscillators contribute a factor of 


N—l 




z ™ 


x JJ ( z— w" ,M 'e * 
n=o 


(4.58) 


(4.59) 


(4.60) 


The prefactor is cancelled by its inverse which arises due to the other terms in the OPE. 
Upon exchanging z w and a -B- /?, and taking into account the left-moving degrees of 
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freedom, the anomalous factor that spoils the mutual locality (in the absence of the cocyclc 
factors) reads 


exp 


Ai < 5 > {o~t 


&Rj 


Pm ^ (0^) u a R j 


(4.61) 


As a consistency check, we note that if the twist is the identity, then independent of N, 
this factor reduces to e~^^ R ' aR which is the appropriate expression in the untwisted sector. 
Similarly for the untwisted left-movers, we have e~^^ L ' aL . Thus, the overall factor which 
needs to be balanced by the cocycles reads 


exp 


( Pm ^2 V aR i ) ^ ~ \ P Ri ^2 (^) U aR i - PuG l3 a L j 


m 

~2 


We now turn to the cocycles C(a) which we write as 

C (a) = e 


(4.62) 


(4.63) 


which in turn leads to the following expression for the 2-cocycle map 

e(d,/3) = (4.64) 

and the mutual locality condition is then obtained by equating e(a, f3)/e(/3,a) to (14.611) . 
In the case where there are no surviving zero modes in the right sector, i.e. a R = 0, and 
invoking the ansatz 0£(a) = 0£ m d; im where is some constant matrix, the mutual locality 
condition yields the anti-symmetric part of (f> R . 

Earlier, we have seen that for the untwisted sector, the cocycle factors are essential in 
deriving the twist phase factor. In the twisted sector, the situation is somewhat different. 
The twisted states are already eigenstates of the twist, and so are the invariant untwisted 
vertex operators. There is a consistency condition for the twist phase factor, unrelated to 
the cocycles, which can be simply expressed as 


U h (g, k + k twisted ) = U (g, fc) U h (, g , k twisted ) 


(4.65) 


where k twisted i§ some momentum vector in the lattice of the twisted sector h, of which the 
(untwisted) lattice invariant under h is a sublattice. 

As already mentioned in ra, the relation in (14 .65 j) reflects the preservation of the sym¬ 
metry of the operator algebra among the untwisted vertex operators and twisted ones (see 
Figure [2]). From a practical point of view, the other twist phase factors can be derived by 
performing Dehn twists on the partition trace Z For all the consistent orbifold examples 
that we consider in this work, we find that (j4.65j) is nicely satisfied. 
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Figure 2: A schematic diagram depicting the absorption/emission of an untwisted state | k) 
that is associated with an invariant untwisted vertex operator U V from a twisted state with 
momentum | k). Note that the dotted line represents the cut that signifies twisted boundary 
conditions in the twisted sector. 


4.4 Some general points on modular covariance of chiral orbifolds 


In this section, we briefly present some general observations on the modular covariance of 
chiral asymmetric orbifolds. First consider the case where there is no surviving instanton 
sum in the right-moving sector. Then, in the untwisted sector with the insertion of the right 
twist with eigenvalue e ±_ ^, in the absence of twist phase factors, the surviving instanton 
sum can be expressed as 

Ziin*. = E (4.66) 

mSZ 

which after an S transformation yields 


Z 


o 

1 ,inst. 


—IT 

v/Det(2G) 


J2q^ kiGijk \ 


(4.67) 


thus allowing one to read off the multiplicity of the twisted sector as y 4 sin 2 ^/y / Det(2G) 
where the numerator arises from the bosonic oscillators. This is a special case of the well- 
known formula for the theta function of a D -dimensional lattice A that reads 

0 A *(r) = VDet A 0 A > (4.68) 

where A* is the dual lattice. It is important to note that the zero mode quantization rule in 
the twisted sector can be read off. Given some non-trivial U(g, a) in the untwisted sector of 
the form e 2mrn4> in Zq inst for some constant q 1, the twisted left momentum zero modes read 

Pl = ~{k + 0), k G Z. 

Now for any chiral twist which kills off all right-moving momentum zero modes, on the 
invariant left sublattice (n = Em), the condition (14.53ft then translates to simply 

U(e k ,a L ) = U(e,d L ) k , (4.69) 
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where dll refer to the residual left-moving momenta modes. Since U{6 , &l) is Z 2 valued, this 
means that for all 9 of odd orders, there is no non-trivial twist phase factor appearing in the 
partition trace Zq. 

With (14.691) . we can just focus on U(9, &l)- Generally, the non-diagonal elements of Q in 
U(g,a ) are uniquely fixed by (14.511) . while (14.531) yields contraints on the diagonal elements 
depending on the lattice and choice of twist. As we shall see in explicit examples later, these 
constraints turn out to be among those which preserve the level-matching condition. From 
Zq, performing a lattice Poisson resummation, we can obtain the lattice sum in the twisted 
sectors. These are theta functions of the dual lattices (eg. weight lattices if the tori are 
Lie root lattices) possibly weighted due to twist phase factors, and which should transform 
under a Dehn twist as 

Zf st \f + N e ) = e i5e Z l g nsL (f) (4.70) 

for some constant Sg, and where we have denoted Ng to be the order of twist 9. As we 
shall observe in some examples in Section 0 not all lattice theta functions transform like in 
(14.701) . The inclusion of an appropriate twist phase factor is crucial for (j4.70[) to be true. 
Similarly for cases where there are some residual zero modes in the right-moving sector, we 
need to find the invariant sublattice and the twist phase factor, before performing a Poisson 
resummation and an S transformation to read off the twisted partition traces. 


4.5 Shift Orbifolds 


Before moving onto explicit examples in which we compute the twist phase factors Uh{g, a), 
in this section, we wish to consider a class of orbifolds defined by twisting toroidal theories by 
translations. They are Z^r x Z m orbifolds, in which we have independent shifts of momentum 
and winding numbers. These orbifolds may furnish the role of the base of a freely acting 
orbifold background constructed by fibering a rotational orbifold over it. First, let us recall 
some basic facts about the orbifold of a compact boson X defined by geometric Z N shifts of 
the form 

s: X-s-X + 4 (4,71) 

With regards to the left- and right-movers, the translation operator s acts symmetrically on 
both. We can describe the shifted boundary conditions by the characteristics 5 = ( 55”) 
where S', 5" = 0, 1/N, 2 /N,... ,(N — 1 )/N. Corresponding to h = s NS ' and g = s NS " , the 
twisted boundary conditions of A" read X(ai + 1, cr 2 ) = A"(ay, a 2 ) + S" (mod 1), A(<7 i, cr 2 + 
1 ) = A"((Ti,cr 2 ) + S' (mod 1 ). The classical zero modes have winding numbers along each 
worldsheet direction which we denote by m,n. Explicitly, we write X^ n {cr) = ai{m + S") + 
< 72 ( 77 ,+5'). The string path integral can be split up into a product of a quantum part capturing 
degrees of freedom of A" — X cL coming from all the oscillators modes, and the classical zero 
modes of which contributions read 



e -^\r(n+S')-(m+S") | 2 


m,n 


(4.72) 
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where we have restored its radius R. Performing a Poisson resummation in m —> w, we have 


Z\(t) = Tr, (gqteqtf*) 



e~ 2ni5 " w q^i 

n,w 


%+R(n+8')) 2 -\^-R(n+S'))\ 


(4.73) 


In (14.73ft . we see that in the basis labelled by momentum number w and winding number 
n, g — s Ns " = e~ l ( pL+PR ' ,sx = e~ 2mS " w . More generally, one can set up an orbifold by 
independent shifts in A" and its T-dual X, where the shifts are X —* X + Z, X —> X + Z 
Introducing two other shift parameters S, S" , altogether we have S', 5" = 0,1/iV,..., (N — 
1 )/N and S', 5" = 0,1/M,... ,(M — 1 )/M. In each twisted sector labeled by S', S', the 
instanton part of the partition function which corresponds to summing over all classical 
backgrounds with different winding modes reads 


7 (S",S") 
(S',S') 


T = 


E 


w,n 


2m5"(w+8')—2m6"(n+6')qj —f-Rfa+tf')) q\ —R(n+5')) 


(4.74) 


This is thus an asymmetric translational orbifold. The above considerations generalize 
straightforwardly for asymmetric shift orbifolds of tori, of which the one-loop partition traces 
read 

(4.75) 

m,n 

where the left- and right-momenta now depend on shifted modes, i.e. Pl = (n + S') + E T (m + 
S'), Pr— (n + S') — E(m + S').. Under a Dehn twist r —> r + 1, 


7 (S"~S”) 
(S',S') 


(r + 1) 


^TTi(m k +S' k )(n k +S' k ) - 2wi8’ k )m k +S' k )~ 2tt i~S" k (n k +5' k )\p\ 


ZV 

m,n 

—2m5'5' 7 (S" —S',8"—S') 
e (S',S') 


g 4 L q 


t)- 


(4.76) 


As for its behaviour under the action of S, we first perform a Poisson resummation in the 
momenta modes to rewrite the trace as 


y(S" ,8") i \ _ -2-Ki5"8' 2-Ki(8' k w' k -8'£m' k +w' k B ik m' i ) --E(m' k m' l G k i+\T\ 2 w' k w"G k i+2T 1 m' k w' l G k i) 

(S',S') v > ~ C C 

m,w 

(4.77) 

where we have defined rn' — m + S' and w' = w + S". Then it is straightforward to check 
that under r —>■ — 1 jr, we have 


7 (S",S") 
(S',S') 




(4.78) 


Just like the chiral blocks, the shift orbifolds’ partition traces may suffer from global anomaly 
in the sense that the twist labels may not furnish a faithful representation of Zjy- In this 
case, 


y(8"-N5',5"-N5') ( s 
Z (<5',<5') UP 


4niN8' k 8' k y(8",8") 

e ^(8',S') 


(u>- 


(4.79) 
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Now, a purely momenta or winding translational orbifold has no anomaly. However, one can 
imagine fibering an anomalous Z^ rotational orbifold (such as the Z 3 chiral orbifold of the 
A 2 root lattice as we shall explain shortly) over a shift orbifold with conjugate anomalous 
phase factor such that we have level-matching, i.e. Z^(r + N) = Z\ (r). To this end, consider 
the case where there is a Zjv action generated by a 1 /JV shift in both momenta and winding, 
parametrized as 5k = 77 , 5k = 77 , then from (14.791) 


7 (S",S") 
(S',S') 


(' t + N) 


= e 




7 (S" ,S") 
(S',S’) 


(d- 


(4.80) 


By engineering these asymmetric shift orbifolds can thus act as suitable bases for 

rotational orbifolds of which twisted partition traces satisfy level-matching up to a constant 
anomalous phase factor. 


5 On some chiral asymmetric orbifolds of T 2 and T 6 

In this Section, we shall compute U(g,a ) for some two and six-dimensional examples. De¬ 
noting N a = ( n a ,m Q ), we let U(g,a ) take the form 

U(g,a) = e iN ^ QNa (5.1) 

where Q is some constant matrix. Consider now the cases where the twist is trivial on the 
left-movers. From (14.511) . we have 

c — c T — 2 cBc t (c + c t )E + 2 cBc t E \ 

2E T cBc T - E T (c + c T ) E T (c T — c)E — 2E T cBc T E J ' ' ^ 

where the equality sign is defined modulo 27 t. Note that we take the absolute value of the 
RHS to symmetrize the expression which is an antisymmetric matrix with every element 
being an integer multiple of tt. We are also interested in the lattice direction invariant under 
the twist since they yield the residual string instanton sums in the partition traces. In the 
case where c is invertible, this has the simple solution 


Q + Q T — 


TT 


n = Em. (5.3) 

In other cases, one has to solve for the sublattice which is invariant under the asymmetric 
twist. Now from (14.531) . we have other constraints to be imposed on Q and we find that genet¬ 
ically, they do not fix Q uniquely. But as we shall see shortly, we find that the constraints are 
compatible with that of modular covariance which fixes those parameters unconstrained by 
(I4.53I) . In the following, Sections 15. II and f5T2l deal with the computations of the phase factors 
and partition traces in Tables 1 and 2, while Section HTUl examines asymmetric orbifold points 
of smooth CY 3 compactihcations of the heterotic string. 
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5.1 Chiral Z 2 orbifolds 


We shall first comment on the orbifolds in Table 1 which can be understood as direct products 
of the ordinary self-dual circle theory and the simplest T-fold. For example, for (i), the twist 
acts trivially on an S 1 and reflects the right-movers of the second circle. Hence, it is a 
product of the circle theory and the simplest T-fold, and similarly so for (ii), while (iii) 
is nothing but the product of two simplest T-folds. Earlier, we mentioned that for chiral 
asymmetric orbifolds of tori with Lie root lattices, outer automorphisms are not embedded 
in the duality group. In this semi-simple case, there is yet an outer-automorphism defined 
by exchanging the two A]-theories though neither can it be realized as an asymmetric twist. 

In Table 2 we have asymmetric orbifolds of the A 2 torus with the twist being an element 
of the Weyl group of A 2 . Building on our previous discussions, it is easy to see that 


Zl{r) 


1 

r] 2 (r)r](f) 



7 1 

^0 ,inst. 


(e>- 


(5.4) 


The oscillators’ contributions can be checked to be invariant under r —)■ r + 1, so it remains 
to see if the instanton sum is itself invariant. One can faithfully check that this is true for 
the cases (iv)-(vi). If we perform r —> — i, this takes us to the twisted sector for which we 
are obliged to ensure that the zero modes level-match by L 0 — L 0 = 4 (mod 1). The partition 
trace reads _ 



1 _ M r ) 7 i 

r\yj—iTTj(f)7f(T) y 9 4 (f) 



(5.5) 


For the Z 2 orbifolds in Table 2, the invariant Narain sublattices (A*) are all three-dimensional 
ones. The main quantity of interest is Z ( \ mst , which we shall write as 


Zq inst. iz') 


Y U(9,a)e 


7rir ~2 7 rir~2 

2 2 = 


VDet T Y « 


-niv-s^r^iv-sy 


(5.6) 


a L ,a R &A* 


where v are integers, 5 are half-integer shifts (each G {0, |} ) that are present in U(9,a), 
and T is a 3 x 3 matrix that depends on r, obtained after Poisson-resumming all quantum 
numbers (second equality). As noted earlier, 04.511) does not fix the phase factor completely, 
and in particular we have the freedom to specify diagonal constants in the Q 's ( i.e. the 
exponential arguments of U(9,a) ). They are a set of four even integers which are further 
constrained by f!4.53p . When evaluated on the invariant sublattice, they yield Z 2 -valued 
phase factors of the form 


U(9,a) 


_ 27 ri(5il+5mm+5nn) 


(5.7) 


where the <5j’s are the ones that appear in 05.61) . After Poisson resumming and performing 
r —y — 1/t, we obtain the zero modes in the twisted sector which are shifted in each direction 
whenever the twist phase factor is non-trivial in Zq. Upon taking r —> r + 1, we obtain the 
twist phase factor in the twisted sector which reads simply as 


U 0 (9,a) 


= e if («£-«£). 


(5.8) 
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Modular covariance translates into the sufficient condition Z ®(r + 2) = Z®{t). We find that 
this gives the same constraint on the As as (14.531) and one more constraint which is precisly 
that imposed by (14.65I) . Below, we display the zero modes, conditions for the twist phase 
factors and the 3 by 3 matrix associated with the invariant sublattice (see eqn. (15.61) ) for 
(iv) - (vi) in Table 2. Please note that we have denoted the zero modes in the twisted 
sector by primed quantities, and the quantum numbers are shifted accordingly by the As, 
e.g. m! = m + S m . 

(iv)For this orbifold, 0 R = 

oil = (2m + /, n + m + l), a R = (0, n — l), 

{in' + n' - 2l')^j , S m 

^ / 4 r 2 -2 r 2 ?y'iT X + r 2 \ 

T = TM2 _2t 2 I Tl + i r 2 ~^ Tl ~ I r 2 • 

3 l r l l o- , ^ 3 i T 1 SiL.sl / 

\ 3zri + T 2 — -y r i — 2 r 2 2" r l 2 r 2 / 


= (~ m ', ~ 1 ' ~ n '), a R = (o, \ 


& n 2 ’ ^ ^n ^ ? 

(5.9) 



(v)For this orbifold, 6 (r = 


0 1 


1 0 n 

di = (2m + n, n + m + /), a R — {n — l,n — l), 

o'l = (-m', - n'), a’ R = Q(-m' - l' + 2n'), ^(-m' - l' + 2n')^ , 5; - A 

Y ( \ ( 3 ^ r i + 5 r2 ) (3iri + r 2 ) 3in + r 2 
T = I ~\ (3fri + t 2 ) \ {3in + 5r 2 ) -2r 2 

\ 3fri + r 2 —2r 2 4r 2 


2 5 8\8 n 0, 


(5.10) 


(vi)For this orbifold, 0 R = 


1 -1 


0 -1 

oll = (m + n, m + 21), a R — (n — m — l, 0), 

ol l = (— m' — n', —l' — u'), a' R = (/' — 2m' + 2n'), , 8\ 

| (3iri + 5r 2 ) 


l 8 m 8 n 0 , 


T = 


3|r| 


—2r 2 2 t 2 

—2r 2 4 t 2 3ir\ - r 2 

2r 2 3ir\ - r 2 4r 2 


(5.11) 


The spectra of the orbifold CFTs (iv)-(vi) are identical, and thus these theories are dual to 
one another. A quick way to see this is simply to compare the partition trace Z q, and to 
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realize that each of them is related to the other two by a relabeling of the various winding 
and momenta numbers. The important simple point to be taken from these calculations is 
that the initial choice of a U(9, a) which we determine using (14.511) and (14.531) is compatible 
with level-matching. Modular transformations of the partition traces generate consistent 
expressions for the twisted zero modes and the twist operator in the twisted sector. Another 
important relation we observed is that the twist phase factors in the untwisted and twisted 
sectors derived by the above procedure also satisfy (I4.65[) . 

5.2 A Chiral Z 3 orbifold 

As for the last case in Table 2 , where the asymmetric twist is Z 3 , we find that (14. 51 jl and 
(14.53ft lead to a trivial U(9,a). Among the orbifolds in Table 2, this is the only case where 
any non-trivial duality phase factor will violate the mutual locality condition of the vertex 
operators in the untwisted sector. For this case, (14.51[) gives us 
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1 

, U(9,p) = exp 

ivr rp f q, c T 2 
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where {a, b, c, d} are even integers left unfixed by (14.5 1 1) . On the other hand, (14.53j) yields 

a + b + d = 2, a + c = 2. (5.13) 

Thus, the residual instanton sum reads 

ZoW = E < 5 - 14 ) 

m 1 ,ra 2 

Although the twist phase factor is trivial in the untwisted sector, it is not so in the twisted 
sectors. Let h denote the twist corresponding to that of the last entry of table 2, and let 
Uhi (h'z-, hi) denote the factor refining the instanton sum in Z 1 ^ . We find 

U h (h 2 , m) = U h 2 (h, m) = e^ miG ^ 

U h (h,m ) = U h 2(h 2 ,7n) = e~% miGijm i. (5.15) 

It can be checked that they satisfy (14.651) . thus preserving the symmetry of the operator alge¬ 
bra among untwisted and twisted vertex operators. For a Z 3 action, the modular covariance 
relations describe the following closed S and T orbits. 

5 orbits : Z] ->• Z° ->• Z 0 2 ->• Z 2 ° -)■ Z q 1 , Z\ ->■ ->• Z 2 2 ->• Z 2 X Z 1 1 

T orbits : -> Zl ->■ Z\ ->• Z 2 ° Z 2 X ->■ Z 2 ->• Z 2 °, Z q 1 , Z 2 self-dual(5.16) 
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On Z°, we need to check that the level-matching condition holds. This is equivalent to 
checking that it is invariant under r —> r + 3. We find that the instanton sum (15.14ft satisfies 
the identity 


7 1 

•^0 ,inst. 



—z 1 



(5.17) 


which implies invariance under r —* r + 3 of the dual lattice sum since Zl inst (r) is invariant 
under r —> r + 1 (with the factor of r being cancelled by an identical factor in r/(— 1 /r)). 
Generally, the dual lattice in the twisted sector contains the invariant sublattice that appears 
in Zq as a sublattice. In the twisted sectors, the right-moving zero modes read simply as 


or = K,m 2 ). 


(5.18) 


Thus far, the triviality of the twist phase factor appears to be compatible with modular 
covariance. Yet for the overall modular covariance, one needs to take into account the 
oscillators’ degrees of freedom. Then, the partition traces of this asymmetric Z 3 orbifold 
read 


Z°, 

Z\ 

Z\ 


Zl = r* n f 1 
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- q e 3 
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V 2 (t) ^ 

' v 7 rrii 


qi miG^rrij 
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-1 1 


m =1 


Q 27 ri 1 T—r / m 1 2 ?r 

Zo = e 9 g36 || M - q m s e s 
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_V r a miGijmj 

77 2 (t ) ^ 7 

' x ' rrii 

2 2tt7 \ — 1 1 


1 - q m ~3e^ 




_ 7TI 

e. ^ 
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— Z£miG lJ mj G tJ mj 


_1 47TI 1 "I I" f _ 1 47T? 

Zo = e 9 ^36 M — q 171 a e s 
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.. -m-- —Szi 

1 — g 3 e . 3 


-i 1 


7Tl=l 


r/ 2 (r) 


E 1 


mj 


x ^ e -7r 


(5.19) 

(5.20) 

(5.21) 

(5.22) 


We note that the constant phases of and can be absorbed into the twist operator, 
but this implies that these operators only realize the orbifold group projectively in the 
twisted sector. The related conclusion is that this theory is anomalous by itself as one 
can check that level-matching fails up to a constant phase factor e 2m / 3 . Expanding the 
spectrum in q, q, the degeneracies are non-integral. These problems disappear when we 
take the product of three identical copies of this orbifold CFT which yields a consistent 
six-dimensional background that can be interpreted as an asymmetric orbifold points of a 
smooth Calabi-Yau compactihcation. Also, as pointed out earlier, another consistent orbifold 
can also be obtained by hbering this anomalous orbifold over an asymmetric Z 3 orbifold in 
which the twist is defined by a 1/3 shift in both momenta and winding in each of the lattice 
directions. Finally, let us comment briefly that although the cocycles for the invariant 
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untwisted vertex operators in the twisted sector do not directly affect the partition trace, 
one can solve the mutual locality condition to determine part of (14.631) . In this case, this 
requires the anti-symmetric part of 4>l to be 7 t/3 . 


5.3 Asymmetric orbifold points of Calabi-Yau compactifications 
of the heterotic string 

We now briefly comment on the modular covariance condition for a family of orbifolds of the 
heterotic string which can be naturally regarded as asymmetric orbifold points of smooth 
Calabi-Yau compactihcations of which geometric orbifold points are known and tabulated 
in Table |3j For these geometric orbifolds, the lattices are the root lattices of some suitable 


Z N Twist vector v Toroidal lattice 


(i) 

Z3 

5 ( 1 , 1 , - 2 ) 

SU(3) 3 , Eq 

(ii) 

Z4 

3 ( 1 , 1 ,- 2 ) 

SU{ 4 ) 2 

(iii) 

z 6 

5 ( 1 , 1 ,- 2 ) 

SU(3) x G\ 

(iv) 

Z7 

!(!, 2 ,-3) 

SU( 7) 

(v) 

Zs 

5(1,2, -3) 

50(5) x 50(9) 

(vi) 

Zi\2 

^(1,4, -5) 

e 6 


Table 3: Some T 6 /Zw orbifolds which are symmetric orbifold points of CY :i compactihcation 
of the heterotic string preserving AT = 1 supersymmetry in four dimensions. 

semi-simple Lie algebras with the twist being an element of its Weyl or outer-automorphism 
group. Those in Table 3 (see for example j411 [42l [43] for excellent reviews) preserve 4 D J\f — 1 
supersymmetry that descends from requiring the Z^r holonomy group to lie in SU(3). Let 
e ± 2 mvi k e £} ie e ig enva i ues G f the twists acting on the complex coordinates Zi,i = 1,2,3 
parametrizing T 6 , then this condition simply translates to )T) zy = 0 mod 1. In the context 
of orbifolding the heterotic string, we should specify a simultaneous Zv translation on the 
16 internal compact left-moving bosons X 1 to preserve one-loop modular covariance. We 
can write the quotient structure of this class of orbifolds as 

[A VOgeo] ® [Ai 6 / O shift ] , (5.23) 

where A 6 is the T 6 lattice, O geo , also acts on the right-moving worldsheet fermions, and we 
have excluded the possibility of including Wilson lines for simplicity. One can consider their 
asymmetric counterparts in a similar fashion that we have done so in the previous sections. 
Instead of restricting ourselves to (15.231) . we shall consider heterotic orbifolds of the form 

[T 6 l 6 /0( 6 , 6 ; Z)] ® [Aj 6 / (O shift )\ , (5.24) 

where ^,6 refer to the toroidal stringy Hilbert space, and we have picked our orbifold group 
to lie in the 0(6, 6 ; Z) of the T-duality group 0(22, 6 ; Z) augmented with a set of suitable 
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translations on the internal compact bosons. In particular, we shall focus explicitly on 
orbifolds in which 9r is identical to the geometric twist, 9j j is trivial, and there is a suitable 
shift in the 16-dimensional lattice. We need to turn on a suitable B-held, as explained in 
Section 14.21 and the above-mentioned twist can then be embedded if it purely consists of 
Weyl reflections. These are the cases (i), (ii), (iv), (vi), i.e. products of simply-laced algebras. 


We can straightforwardly check if the partition traces Z® develop an anomaly under 
r —> t+N. For these chiral asymmetric orbifolds, the twisted right-moving bosons contribute 
a factor of while the twisted fermions contribute a factor of (see 

Appendix |A] for a derivation). Since the twists sum to zero, the residual instanton sum 
must then be invariant under r —> r + N (or at least up to some phase factor which can be 
cancelled by an appropriate shift in the internal 16-dim. lattice). 


In Appendix [B] we compute the twist phase factors which characterize each asymmetric 
orbifold. We find that when the twist is restricted only to the right-moving sector, the 
asymmetric orbifolds corresponding to (i), (ii), (iv), (vi) are modular covariant. It would 
be interesting to make our analysis of asymmetric orbifolds of the heterotic string more 
systematic in view of the twist phase factors as new ingredients in our understanding of 
modular invariance, by for example, including Wilson lines and twisting by other discrete 
subgroups of 0(22, 6; Z). 


6 The twist phase factor at higher-genus for the sim¬ 
plest T-fold 


We begin by reviewing higher-genera characters of a toroidal bosonic string background (see 
for example [44] and [45] for an excellent review). Let g denote the worldsheet genus. Then 
the complete string partition function reads 


dhdXexp 


— [ dTda\fhh mn G i jd rn X i d n X :j + e mn B ii d m X i d n X j 

4vr J s 


( 6 . 1 ) 


where we integrate over all worldsheet metrics h that are compatible with Riemann surface 
S of genus g. Let us define the canonical homology cycles (a Q , b a ) of S as follows. Define 
oj a ,a = 1,2,... g be the holomorphic one-forms that span H\ (S, Z) = Z 2 ®, and the g x g 
period matrix fl = fR + ifl 2 be 




a(3 




( 6 . 2 ) 


where we have defined n l a ,m l a to be the d x (/—dimensional winding and momentum vector 
modes. The complete partition function in (16.ID can be written as an integral over all the 
3(7 — 3 modular parameters. In the following, we shall first consider the classical instanton 
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sector of the partition function. The winding numbers along each cycle are now d x g- 
dimensional vectors. The partition function reads 


Z cl .(G, B,t) = »p 


n,m 


'Km %0 ‘{^-) a pG ij m n 3 - 7m ,a (ft 2 + 

' 12 ' *2 


+27rn ZQ! (fii— ) a pGij , mpP + 2i'Km ia B i jn^ c 


(6.3) 


This can be Poisson resummed just as in the torus case. The result is known and the classical 
zero modes’ part can be cast into the familiar form 


Det(ft 2 ) d / 2 V q 


4 (j 4 ^ij P Ra ^apP R p 


pi pi 
r La Rol 


(6.4) 


where P } a , P Ra are the higher-genera left and right momentum zero modes. Just like in the 
case of genus one, the stringy instanton sums can be expressed in terms of theta functions 
associated with Riemann surfaces of higher genus endowed with the period matrix (see 
Appendix IA.3IK The notion of modular covariance involves the transformation property of 
the higher-genus partition traces under the symplectic modular group Sp(2g,Z) defined as 
all integral 2g x 2 g matrices M satisfying the following property 


M 


A B 
C D 


G Sp(2g, Z), 


AC t = CA t , DB t = BD t , A t D - B t C = 1, (6.5) 


which act on the period matrices as 

f V = (AVL +B)(Cfl +D)” 1 . (6.6) 


As we have seen in the genus one case, the partition traces of an orbifold are labelled by 
twisted boundary conditions along each canonical cycle and they must transform onto one 
another under elements of the symplectic modular group. 

In this section, we shall consider the case of Z 2 for definiteness. As explained in the 
seminal work [33], it is useful to understand double-valued fields on a Riemann surface S of 
genus g in terms of single-valued ones living on the double cover S of S. Suppose the held 
is anti-periodic along a cycle, say b g , then there is a branch cut running along the cycle a g . 
We can use this branch cut to define S by taking two copies of S, slicing each apart along 
a g and finally pasting the them together, yielding a surface of genus 2g — 1. We can adopt a 
choice for the canonical cycles of S by one that projects onto the corresponding cycle on S. 
Let 7T be the projection that takes Hi ^ S , to Hi (S, Z) such that Tr(dk) = a &, 7r(&*.) = b 

Such a choice is unique up to modular transformations on S. The other g — 1 pairs of 
canonical cycles can be formally defined by taking images of a*,, 6/ ; under an involution (t) 
which exchanges the two copies of S, with a g , b g being mapped back to themselves. We now 
introduce differential one-forms = Vi(z)dz which are odd under the involution. Just like 
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the holomorphic one-forms of S that define the period matrix, one can normalize them and 
construct a symmetric {g — 1) x (g — 1) period matrix fly corresponding to these differentials, 
i.e. 




f , uj = I Jij, (■ i,j = l,...,g-l). 

J i(bi ) 


(6.7) 


The one-forms v are the Prym differentials and fl the Prym period which is fixed by the 
original period matrix of S up to the action of the Torelli subgroup. An implicit relation 
between these periods can be obtained by using theta functions defined on Riemann surfaces 
of genus g and g — 1. 

ffenceforth, we will restrict ourselves to genus two for an explicit account (see [46] for 
a related analysis), though higher-genera generalizations should be straightforward. The 
classical string instantons fall into 2 2x2 distinct sectors corresponding to Hi(S, Z 2 ) and like 
in characterizing the genus two theta functions, we can introduce a two-by-two matrix valued 
characteristic e where the vectors in the top and bottom indicate periodic/anti-periodic 
boundary conditions along the a and b cycles respectively. For definiteness, let’s take the 
following twist to construct the unramified double cover described previously. 


e = 



( 6 . 8 ) 


And we shall denote the Prym period in (I6.7|) by r e . It is a beautiful fact that the Prym 
period can be related to the period matrix of S by the implicit relations 


0 K + ] (O,fi) 2 0 [Sr] (0,O) 2 _ 0[4+](O,fi) 2 0[4-](O,fi) 


St = 


#i(0,T e ) 4 

I 0 

0 0 


A + = 


0 0 
0 0 


A + = 


dj(o,T e ) 4 

0 0 


0 


for i,j = 1,2,3, i ^ j 
= $k + e > ( 6 - 9 ) 


where the index on the twist of the genus two theta functions is chosen to be compatible 
with the characteristic labeling of the genus one theta functions. This ‘Schottky’ relation 
can be proved by describing the genus two surface as a hyperclliptic curve and using Thomae 
identitites to relate branch points and the theta functions ( see for example m )■ Given 
some period matrix this fixes the Prym period up to a translations of integral multiples 
of eight. We note that the twist vectors in the first column of Sf in (16.91) can be identified 
with the three even spin structures in the genus one case, and that 0j(O,T e ) are genus one 
theta functions. 

For the purpose of tracking the modular covariance of asymmetric orbifold CFTs on 
higher-genus curves, recall that our starting step involves finding an appropriate Z 2 -valued 
phase factor that accompanies the T-duality twist by seeking mutual locality consistency con¬ 
ditions for the string vertex operators. As we mentioned earlier, such a condition shouldn’t 
depend on the global properties of the string worldsheet, so roughly speaking, we should 
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expect our considerations to generalize straightforwardly for worldsheet of higher genera. 
Nonetheless, recall that the Z 2 -valued phase factors involve winding modes that make sense 
with reference to the topology of the worldsheet. Below, we wish to explore this fact explic¬ 
itly for the simplest T-fold, leaving generalizations to other asymmetric orbifolds for future 
work. 

We begin with the case of the geometric Z 2 orbifold of the self-dual boson - the symmetric 
counterpart of the simplest T-fold. To any genus expansion, it was explained beautifully in 
[33] that this CFT has the simple equivalent description in terms of the CFT of a boson 
of twice or half the self-dual radius (in our units, it’s the unity). We can begin with the 
partition function corresponding to the orbifold twist specified in (16. 8 p 

(fi) = Z q e uanL q = e 2nir %q = e~ 2nif % (6.10) 

Pl,r 


where the residual left and right momenta modes descend from the string winding around 
those cycles that project onto the untwisted cycles in the surface S, and we have temporarily 
denoted the excited stringy states’ contributions to be Zj uant -. The other partition traces 
can be obtained from (16. 10p by acting on the latter with elements of Sp( 4, Z). 

Now, Zf uant ' depends solely on the determinant of the Laplace equation on the curve, 
with global boundary conditions specified by the twist e. In the genus one case, the Laplace 
equation can be solved explicitly with the oscillators as the Fourier modes, and Zf Lant " is 
the inverse of the absolute square of the Dedekind eta function. As we reviewed in Section 
two, in some twisted sector, one can compute the twisted determinants easily to yield the 
chiral blocks expressible in terms of the genus one theta functions and the eta function. For 
higher-genera, it is not so obviously clear how does one go about computing these twisted 
determinants, but as a start, we shall first review the trick in [33] where the Z 2 twisted 
determinant can be expressed in terms of the untwisted one. Of course, once this is obtained, 
it is valid for any orbifold of any compact boson of any radius. 

The trick employed delicately in [33] is to use the fact that this symmetric orbifold back¬ 
ground is equivalent to that of another compact boson of either half or two. For the purely 
toroidal CFT, there is no notion of ‘twisted sectors’, but it turns out that one can decompose 
the partition function in terms of a sum of partition traces equivalent to the decomposition 
in a symmetric Z 2 orbifold. Explicitly as explained in [33], 


y ' ^quant. 

e,7G{0,i} 


7 

0 


(0|2t.) 


E 

e,7G{0,|} 


^quant . 


> e a + 7 


(0|2ft) 


( 6 . 11 ) 


where we have displayed the toroidal partition function on RHS and e a ,b are the rows of e 
in (16.8p . We note the appearance of another Z 2 -valued index 7 . On the LHS, this simply 
arises from the fact that the partition function of the self-dual boson can be expressed as 
the sum of the absolute square of two genus one theta functions. On the RHS, this index 
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can be interpreted as a projection on even momentum states. Such an equivalence (sector 
by sector in 7 ) allows us to express the twisted determinant in terms of the untwisted one, 
and implies the modular covariance of the simplest T-fold to all orders in string perturbation 
theory. Now, the ratio should be independent of the index 7 , and indeed this is nothing but 
the Schottky relation we encountered earlier in fib.91) . Thus, 

2 


Z quant .( fi ) = 
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K + 7 

Cb 


(0|2ft) 


e 


7 

0 


(0|2r e ) 


zi uant (p) 


( 6 . 12 ) 


for any choice of 7 = { 0 , ^}. 

In the case of the simplest T-fold, we have observed earlier that by virtue of some identities 
among the theta functions and eta function, the partition traces are equivalent to that of the 
symmetric Z 2 orbifold. This equivalence allows us to write down the higher-genus partition 
traces where the Z 2 -valued phase factors are manifest. We begin by intuitively assembling 
the holomorphic and anti-holomorphic pieces for each partition trace. (This is sometimes 
referred to as ‘chiral-splitting’ or ‘holomorphic factorization’, as in for example [mo Taking 
the twist to act only on the right-movers, the excited stringy states should assemble to yield 


Z quant. ^ 


2 e a + 7 


(0|2Q) 


6 


7 

0 


yquant. 

J 0 


m. 


( 0 | 2 r e 


(6.13) 


where now Z^ uant ' pertains to the asymmetric Z 2 orbifold. To be more careful, for one 
to deduce the form of (I6.13p . one needs the untwisted determinant to be holomorphically 
factorizable too, i.e. it can be written as the absolute square of some complex function of the 
period matrix. It turns out that this can be done by a description of the Riemann surface via 
Schottky uniformization, i.e. representing the curve as the quotient of the Riemann sphere 
by discrete subgroups of SL( 2, C). In such a description (see [IHJ 09]), there are appropriate 
higher-genera analogues of the variables q, q carrying with them information about the twist 
and length of each handle, and the untwisted determinant can be expressed as the absolute 
square of some complex function of Since we do not need explicit details of such a 
construction in this paper, we leave it to the interested reader to refer to [351, 59] for the 
explicit mathematical proof and also the Appendix of [50] for a review. 

What about the instanton part? Let us denote by f(p ) the phase factors that accompany 
the orbifold twists. We can then write it as 


^ f{P L , R )e% Pl ‘- a - PL e-% p *- r '- PR (6.14) 

Pl,r 

6 Of course, the full string path-integral involves integrating over the moduli space of Riemann surfaces, 
and it is an open question of how to perform this integration in these variables for generic genus. 
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based on the fact that we can create the momentum states in each sector independently by 
the appropriate vertex operators. Formally, we need the proper machinery of an operator 
formalism of CFT on higher-genus Riemann surfaces, such as the one proposed in [33], but for 
the simplest T-fold we take good advantage of its equivalence to the ordinary circle theory to 
justify the form of (I6.14D . The final ingredient is the derivation of the phase factors /(Pl,.r)- 
This we can do easily by equating it to the partition function of the symmetric Z 2 orbifold 
which yields 


Pl,r 


9 


K + 7 


( 0120 ) 



(0|2t £ ) 


^ e lt (Pl r c-PR f ‘) _ 
Pl,r 


(6.15) 


Since the zero mode summation in the RHS of (16.15P is identical to the ordinary circle theory 
on a torus worldsheet with complex structure r e , we can write it as a sum of theta functions 
as 

2 



17V 

e 2 


{plre-p 2 R Te) _ 
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( 0 | 2 r«) 


(6.16) 


Pl,r 


7'={0,i} 


Since the RHS of (I6.15P is also independent of 7 , we can choose it to be identical to 7 ' 
appearing in the RHS of (16.16P in each term in the summation, and obtain 


f(P L R )e inPL ' n ' PL e- inPR ' T ^ PR = 9 

Pl,r 


The final step involves reading off the 
since 


0 0 
oR 


(0|2H)y e VM’ + ( R (0121) £ 


-tn TTe 

e 


(6.17) 

phase factors /(Pz,,#). This turns out to be very easy 


(0|2fi) = 

'y ^ g27ri(n 2 Ti+4/3n2ni+n2T2)g7rm2 

(6.18) 


ni,n2 


(0120) = 

e 2iri((n 1 +±) 2 T 1 +4/3n 2 (n 1 + ±)+n%T2) e irin 2 

(6.19) 


711,712 


from which we see that the phase factors are nothing but e "" 2 after identifying 

Pr = (p\ -m,0),P L = (n, + m, 2 n 2 ). ( 6 . 20 ) 


This also tells us that the quantum numbers running along the twisted handle and the 
untwisted ones in the unramified double cover are related in the usual way for the left and 
right momenta in the Narain lattice, such that we can take them to be two sets of integers 
with identical parity. In Figure [3] we sketched a string instanton configuration on the 
unramified cover which will receive a non-trivial twist phase factor. Now, one can also check 
that this is consistent with the separating and pinching limits of the genus-two worldsheet. 


(2m+l) 2 
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Figure 3: The unramified double covering corresponding to a Z 2 twist inserted in a 6-cycle. 
We have put in a classical string configuration with an unit winding number (i.e. n 2 = 1 in 
(I6.20p ) along each cycle of the twisted handle. The twist phase factor reads (—l)" 2 . 


Thus, this seems to suggest that the twist phase factors simply depend on the residual 
winding numbers which are defined on the twisted handle. 

Our preceding discussion pertains to the partition trace It is useful to study how 

these phase factors appear in the partition trace Z^’^, by performing a suitable modular 
transformation on Z^' ( yj. The Sp(4, Z) element we need is 


(l -L -i l\ 
0 110 
0 0 10 
V 0 0 1 1 y 


( 6 . 21 ) 


and the corresponding twist reads 


e = 


0 0 

1 1 

2 2 


P R = (0,0), P L = (2m,2n 2 ). 


( 6 . 22 ) 


From the modular property of the theta functions, we found the partition trace to read 


7(1,1) _ 
(0,0) — 


0 0 

1 1 

2 2 


( 20 ) 
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1 1 

2 2 

1 1 

2 2 


( 20 ) 


) 




(6.23) 


Expanding the theta functions in (16.231) . we find the twist phase factors of the form e i7r ^ ni+n2 \ 
where n 1 , rt 2 are integer quantum numbers that can be interpreted as the residual winding 
numbers along each handle (see Figure [4]). In the separation limit (see (1A.23I) ), this trace 
turns into a product of the one-loop partition traces Zq(ti)Zq(t 2 ) of the simplest T-fold, as 
expected. 


7 Discussion 


In this paper, we have presented a study of asymmetric orbifolds of tori, with the orbifold 
group being some Z^v subgroup of the T-duality group and, in particular, provide a concrete 


43 



















Figure 4: The unramified double covering corresponding to a Z 2 twist (see (16.22)1 ) inserted in 
both 6-cycles. Like in Fig. [3j we have depicted a disconnected classical string configuration 
with an unit winding number along each cycle of the twisted handle (i.e. n\ — 712 — 1 in 
(I6.22h ). For this string instanton, the twist phase factor is trivial since (—l) ni+Tl2 = 1. 

understanding of certain phase factors that may accompany the T-duality operation on the 
stringy Hilbert space in toroidal compactification. We have explicitly explained how this 
phase factor is related to the symmetry and locality properties of the closed string vertex 
operator algebra, and clarified the role that it plays in the modular covariance of the orbifold 
theory. The mutual locality of vertex operators requires the presence of 2-cocycle maps which 
help to realize a simple set of constraint equations for the T-duality twist phase factor. These 
equations descend from preserving the corresponding symmetry of the operator algebra after 
it has been decomposed into eigenspaces of the twist. They can be interpreted as solving for 
a certain ratio of the two-cocycles - e (a, (3) /e (g(a), g((3)) to be a trivial class of H 2 ( A, (7(1)), 
subject to certain orbifold group action-dependent constraints for the one-cochains or twist 
phase factors. Evaluated upon the invariant sublattices, the twist phase factors are trivial 
elements of 77 1 (A, (7(1)) and they should also furnish a representation of Zjv- 

As a start, we have focussed on those orbifolds of which twist is trivial in one chiral sector. 
When the toroidal lattice is the root lattice of some simple Lie algebra, the allowed twists 
belong to its inner automorphism, and we have computed the T-duality twist phase factors by 
solving the triviality condition for two-dimensional and six-dimensional examples, the latter 
being motivated by thinking about asymmetric orbifold points of CY 3 compactification of 
the heterotic string. Upon evaluation on the residual sublattices in the partition traces Zq, 
the twist phase factors ensure that 

Zl(r + N h ) = e“Z° h (T), (7.1) 

where Nh is the order of the twist h and 6 is some real constant. These twist phase factors 
arise as necessary conditions for T-duality to be an automorphism of the operator algebra, 
and the constant phases 5 in (17.ip will appear in level-matching conditions together with 
other phases that appear after tensoring the bosonic orbifold CFT with other CFTs like that 
of twisted fermions, shift orbifolds, etc., in the larger string theory. It should be interesting 
to furnish an equivariant geometric understanding of the modular covariance of asymmetric 
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orbifolds by studying how the methods of [36] and [5T] extend to twist phase factor-refined 
lattice sums. In the seminal work [52], it was shown that modular covariance and fusion rule 
algebras are related via imposing certain cohomological conditions on the fusing matrices, 
and thus, it would be nice to study if the twist phase factors can be understood more so in 
such a manner. If so, it would enable us to study their appearances in other types of orbifolds 
in particular those which can be described in the language of defect lines ([53;, SUES])- 

For the worldsheet theory at higher genus, we have also taken some preliminary steps 
towards understanding the twist phase factors. Of course, at least in principle, what is 
required is an appropriate Hamiltonian formalism for CFT at higher genus (such as that 
proposed in [33]) that is within our grasp such that we can generalize our derivation of the 
T-duality twist phase factor. Nonetheless, as shown in Section 6, we manage to do this for 
the simplest T-fold - basically by virtue of its equivalence to a geometric orbifold ([33]), and 
in this case, we saw that the twist phase factor can be simply described in terms of the 
residual winding numbers defined on the handle cut by the twist. It would be interesting 
to develop this further for generic asymmetric orbifolds (see also Section 2.1 of [6] in this 
aspect). 

The other natural generalizations of this work include a more systematic classification of 
asymmetric orbifolds (and the corresponding twist phase factors) along the lines of that done 
in job] 137] . uncovering their M and F theory origins in the spirit of J5S], and extending our 
study of twist phase factors to asymmetric toroidal orientifolds (see for example [MUSH])- We 
have focussed entirely on the closed string sector, and it would be worthwhile to study the 
role of these phase factors in the boundary states of D-branes that couple to the asymmetric 
orbifolds [61]. There has been a number of interesting papers on this issue in the past 
(see [62j E3] §H E5, 65]), and a more systematic understanding would possibly yield some 
new non-geometric brane backgrounds via orbifold construction apart from those studied in 

mm- 

Finally, for those keen in studying modern duality-covariant frameworks like ‘Double 
Field Theory’, it would be interesting to see how these phase factors arise in those settings 
where the non-geometric twists may at least naively appear as geometric ones. Already 
in the seminal papers mu, the twist phase factors are motivated right from the outset by 
requiring consistent holomorphic factorization of a larger non-chiral bosonic theory, and they 
are indispensable for one being able to take the square root of stringy instanton sum in the 
latter as well as modular covariance properties. Our work clearly supports this philosophy. 
Asymmetric shift orbifolds presented in Section 14.51 were first explored in the context of a 
T-duality covariant sigma model [57] in [50] . It would be interesting to see how these twist 
phase factors appear in the path-integral of ‘doubled’ string sigma models. 
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A On modular covariance 


In this section, we will derive the modular covariance of genus-one characters. Let <3? denote 
some target space field, and introduce the periodic worldsheet coordinates a i >2 ~ cr 1;2 + 1 
with worldsheet metric 

.2 


1 2 
ds z = -—^ \dai + rda 2 \ 
fm(r) 


Under SL( 2, Z), the coordinates and complex structure transform as 

af + b 


T = 


-, di = da i + ba 2 , d 2 = coy + aa 2 . 


ct + d 

Taking cr 12 to be the space and time directions respectively, by definition, 
<F(o-i + 1, cr 2 ) = ho $(oy, a 2 ), $(a i, a 2 + 1) = g o $(ai, a 2 ), 
and we then have 


(A.l) 


(A.2) 


(A.3) 


< F(5'i —> <j\ + 1, a 2 ) — $(oy —)■ ai + a, a 2 —>■ a 2 — c) — h a g c o $(cri, a 2 \ (A.4) 

< h(di, d 2 —> d 2 T 1) = ^(cri —> C\ — b, a 2 — ^> a 2 + d) = h b g d o < F(5'i, d 2 ), (A.5) 


which is the modular covariance relation in (12.ip . We can pick r —>■ r + 1 and r —> — 1/r 
to be the two generators of SL( 2, Z) and study if (12.2j) is satisfied for consistent asymmetric 
orbifolds. In general, the partition traces do not mix entirely among one another, and there 
is a 17(1) phase degree of freedom e(g,h) that we can assign to each twisted sector when 
we compute the complete partition sum. Let N be the order of the finite abeliai^l orbifold 
group G , then 

1 ~ (A.6) 


= jj'}2 i (g,h)z 3 b ( T ) 

g,h 


7 For non-abelian groups, the sum over g involves summing over the maximal subgroup that commutes 
with h. 
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where we have also inserted the discrete torsion e(g, h ) that is related to the two-cocycles 
£(g,h) of the cohomology of the orbifold group valued in U(l), i.e. H 2 (G,U( 1)), via the 
relation e(g, h ) = £(g, h)/£(h, g)@ For our purpose, we will be dealing with TL^ orbifolds in 
our explicit examples, in which case the discrete torsion can be set to unity. They may 
however arise when there are multiple Zjv actions. 


A.l Modular Covariance of Chiral Blocks 


Let gn denote a Z n orbifold generator acting on just the right-movers of a closed bosonic 
string, where the Zat acts on a flat T 2 with eigenvalues e ±2m l N . We begin by considering 
the following chiral block in some twisted sector where states are twisted by the element 9 k , 
and in which we insert a chiral orbifold generator g l R . 

x[(r) = Tr fc ( g l R q Lo ) , (A.8) 

where l = 1,2,..., iV — 1. Similarly, we can consider an anti-chiral block in the left sector 
and write 

y (f) = TV* (g[q L °) (A.9) 

Multiplying these blocks together give us the partition traces of the orbifold theory where 
the orbifold generator g = gR® gL, 

Z k( T ) = X l k (r)x[(f) (A.10) 


For the moment, we shall exclude all zero mode contributions to L 0 (which is suitably 
normal-ordered, i.e. it contains the casimir energy relevant to periodic boundary conditions 
). This counts the oscillators’ modes for the right-movers, with the insertion of the operator 
g l R . For a generic flat T 2 compactihcation, this character can be expressed in terms of theta 
functions with characteristics. For example, in the untwisted sector, 



_ J_ 

q 12 


no 


2 sin 


m= 1 

'Itt 


m 

- q e N 


-l 


1 - q m e~ 


-l 


r/(r) 


NJ0[\\j,- hA (t) 


where the Jacobi theta function is defined as 


(A.ll) 


6 [a 1/3] (r) = r/(r)e 2 ™ a/3 g^-^ JJ ( X + q m+a ~h 2 ^ JJ (i + g "*-«-3 e - 2 ^ 

m =1 m= 1 


8 The two-cocycles satisfy the defining relation 


Z(9,hmh,f) = Z(g,h)S(gh,f) 


(A.l) 


and the phases e(g , h ) can be interpreted as measuring the discrete torsion of the cohomology (see for example 
[691 [70]). It represents the extra ambiguity that one can associate to Zf t (t) in preserving the relation (EH). 
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m=—oo 


0 in (n+ a ) 2 r + 2ni (n+a) (3 


(A.12) 


Similarly, we can write down the chiral block in some twisted sector k, with some insertion 
o f 9r- 


x[( r ) 


= ie in ^ 


= e i 7 r iv(iv L 


oo 


x(9r,9 1 r)q 1} 12 n 

7](t 


T2 i i i 1 — q 

n= 1 


n ~N e 2ni N 


-1 


i — q 


n-l+^e-^Tt 


-1 


x(Jr.A) 


0[ 


k | l 


N I N 


1 ] M 


(A-13) 


where x(9r,9r) is the number of common fixed points of g R and g l R where for the moment, 
gri is taken to be a geometric Z N twist. We note that x(@ l ) — 4 sin 


2 7 d 

N ' 


The terms in 


the product count the excited states created by the oscillators (in the diagonal basis of 
the twist) a, ±\, a* , _ > 0 , while the vacuum energy in the twisted sector reads 

— ^ + 2^(1 — ^). The factor \fx{9% 9 r) is reminiscent of a similar factor (without the square 
root) in the corresponding symmetric orbifold, in which the fixed points label distinct Fock 
vacua. Last but not least, the factor is inserted so that the chiral block transforms 

covariantly under the modular SL( 2,Z)@ Using the relations 


a\a + (3 — 


6 [a|/3] (r + 1 ) = e~™ {a ~ a) 6 

t](t + 1) = ei2?7(r), r)(—ljr) — \/—iTr\{r). 

we can show that chiral blocks Xk( T ) transform as 


r), e [a\P] (--) = [-fla] (r) 

r 

(A.14) 


Mr + 1) = e-T X ‘-*(r), xU-1/t) = e“ xr »( T ) 


(A. 15) 


and with conjugate phase factors for the anti-chiral blocks. Even without the extra phase 
factors e* 7 r iv4iv _1 ' ) in the partition trace, any f7(l) valued modular anomaly in the chiral sector 
is cancelled away by the opposite factor in the anti-chiral half, so there is no concern for one- 
loop modular anomaly arising in this manner. This is of course provided that the insertion 
of these phases is justified from the operator point of view (or from other considerations 
like discrete torsion). For symmetric orbifolds, we can do away with these factors because 
regardless of the sector, the phase factors come in conjugate pairs and thus cancel away in 
the partition trace Z l k . 


There is another feature about these blocks that is important because it relates to level¬ 
matching in the string theory. This is the fact these blocks do not furnish a faithful repre¬ 
sentation of the 2 W group, a problem which is sometimes referred to as a ‘global anomaly’. 


9 Under a SL( 2 ,Z) element 7 which takes r to (ar + b)/(cr + d), it transforms as [e|e'] ( 0 ,7(7")) = 
k [eld; 7] V^Tde [ae + ce' - ac\be + de’ + bd] (0, r), « [e|d; 7] = e 2 ^(-|(^+ce')M-|(a 6 d+cde' 2 + 26 cee')) K 

where n (7) is a 7 dependent eighth root of unity. For our purpose, we only need the values k(— 1 ) = 
—i, k (7(7-) = — 1/t) = K (7(7-) = t + 1) = 1. 
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(A.16) 


To see this, one can easily verify that 

xL +7V (r) = X { +n( t ) = ~ e ~^X l k (r) 

We shall adopt, as a consistency principle of the asymmetric orbifold, the rule that when 
all the various chiral blocks are assembled together, the phase factors should sum up to be 
trivial. By definition, this leads to constraints on the allowed twists and thus the ground 
state energies of Lq and L 0 . We should mention that without the additional phase factors 
the blocks X now transform as 

Xl +N (r) = xi(r), xi +w (r) = (A.17) 


For a symmetric orbifold, there is thus no global anomaly of the partition traces. 

For higher-genus worldsheets, the stringy instanton sums can be expressed in terms of 
theta functions associated with Riemann surfaces endowed with the period matrix in (16.21) 
which are defined as (see for example uded 


a 

b 


(z, Q) = ex P 

n^L 9 


m(n + a) ■ Q(n + a) + 2m(n + a)(z + b ) 


(A.18) 


where the ^-dimensional vectors a,i 6 l 9 are known as its characteristics. On the theta 
functions characteristics, an element of Sp(2g, Z) acts as 


a' 

_ ( D ~C\ 

a 

1 

+ 2 

" (CD T ) diag . - 

9 

\~B A ) 

b 

(. AB T ) diag . _ 


with the complete transformation law being 


(A.19) 


a' 

9 


(O') = £(M)e~ i7T ^ n) Det (CQ + D)*0 




<t>(a, b, Q) = a ■ D t B ■ a + b■ C T A -b-2a- B T C ■ b + (a ■ D T - b ■ C T ) ■ ( AB T ) diag . 


(A.20) 


where £(M) is a constant eighth root of unity and is equal to e 2 f Tr ( D - 1 ) if M is equivalent 
to the identity matrix modulo two. The symplectic group is isomorphic to the quotient of 
the mapping class group modulo the Torclli subgroup which consists of Delin twists along 
homologically trivial cycles on the Riemann surface. We can represent the canonical cycles 
as a 2g -dimensional vector on which the Sp(2g, Z) matrices act on. Each symplectic element 
can be taken as some product of Dehn twists around the canonical cycles. 

It is useful to briefly discuss degeneration limits which we have used as consistency checks 
in Section [6] To this end, we parametrize the period matrix 12 in terms of three independent 
parameters as follows 

n=(’(A.21) 
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Recall that there are two classes of degeneration limits corresponding to whether one is 
squeezing a homologically trivial or non-trivial cycle. One can pinch any of the two handles 
by taking T\ —* ioo or r 2 —* oo, yielding a torus with a double point. The genus two theta 
functions then reduce to those defined on the torus in the following manner 


lim 6 

T 2 —yiOQ 

lim 6 

72—HOO 

lim 9 

Tp—HOO 

lim 9 

Tp—HOO 


a i 

a 2 

w 

b 2 

«1 

a 2 

bi 

b- 2 

a i 

a 2 

h 

b 2 

a i 

a 2 

bi 

b 2 


m) 

m) 

(o|n) 

(o|n) 


(0|r) if a 2 G Z, 

Oi 

^g^ + g^(ai6i-^)^ ^ 

9 2 (0|t) if ai G Z, 

o 2 J 

g^ fg^ + giir^-4)^ 0 


«1 

6 i 


a 2 


|r) if a 2 G Z + 1/2, 


|r) if ai G Z + 1/2, 

(A. 22 ) 


whereas pinching a homologically trivial cycle leads to two tori linked by a long tube in the 
limit f3 — 0, and in this separation limit, the theta function factorizes because 


lim 6 

A=0 


d\ &2 

bi b 2 





7r 


ai 

bi 


{z\r\)d z 6 


a 2 

b 2 


(z\t 2 )\ z= q + ... (A.23) 


A.2 Twisted chiral fermions with GSO projections 


We can perform a similar analysis for complex fermions which we briefly review below. Apart 
from the spin structures defined along the two homology cycles of the torus, one can compute 
the twisted genus-one characters. Just like for the complex bosons, let i — 1,2 denote the 
toroidal directions in a basis where the orbifold action is diagonalized, and define the complex 
chiral fermionic held ijj — -^= (- 0 1 + i t/ 2 ) with the following boundary condition^ 


^(cxi + l ,a 2 ) = -e 2w *“V’(o-i,a 2 ), 

ip (cri, cr 2 + 1) = —e 2m ^ip (ai, cr 2 ). (A.24) 


where a,/3 are twist parameters in the worldsheet space and time directions. We should 
note that in the absence of orbifold twists, they refer to the sector and the GSO projection 
respectively. The character can be computed easily after realizing the twist operator in 
terms of the expansion modes of ip. Writing ip(z) = Y2 n ez'^n+a+ i e ~^ n+a+ ^ z , the operator g 
inserted in the trace is realized as g — where ip refers to its complex 

conjugate. Then the fermionic partition trace can be expressed as 

Xa( T ) = n i 1 + q n+a ~h~ 27ci ^ (l + q n ~ a ~h e 2ni ^ 

m 1 

10 The negative sign arises as the path integral is performed with anti-periodic boundary conditions. It 
can of course be removed with the insertion of (—1) F . 
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2niaP °W\ 

v(t) 


(A.25) 


where as usual, the prefactor arises from a regularized one-point function of the fermion’s 
energy momentum tensor. Now for Z^r orbifolds, in some fixed twisted sector labelled by k 
and with the insertion of g\ we can redefine the character (1A.25|) after summing up over the 
spin structures and appropriate GSO projections. Thus, letting a, /3 G {0, we can writ^ 

x[{r) = Y £ «/?( k > l) 9 ^ a+ N [/ -— (A.26) 

a,p ^ ' 


where <t a p are some constant spin-structure coefficients that can be possibly managed to 
preserve modular invariance, with a. — 0, \ labelling the NS and R sectors respectively. This 
has of course been well-understood since a long time ago. Recall that in (1 A. 26|1 . the GSO 
projection is manifest in the insertion of (—1)^ in the partition trace but we have to specify 
the phase factors that accompany each such insertion. For a critical string theory in the 
light-cone gauge, we have four complex fermions. In the absence of the twists, the partition 
trace in the left-moving sector then reads 


Z±(r) 


1 

V(r) 


Uo|o] 4 (t) - e 


-1 


4 


-1 

4 

-1 

-1 

4 \ 

1 

2 

0 

(r)-e 

0 

1 

2 

(r)±e 

1 

2 

1 

2 

(r) 


(A.27) 


where the various signs are picked to preserve modular covariance. We should note that 
the last term is identically zero and so is the entire partition trace by a Jacobi’s identity, 
indicating spacetime supersymmetry. Let us now insert the orbifold twists, and generalize the 
various signs with the coefficients C a p(k , /). Requiring Z l k {r + 1) ~ Z l k k (r) and Z l k (—l/r) ~ 
up to phase factors yields the relations, after setting Coo = 1, 

c„i(M) = e, 0 (M) = —1 = «<*£*< (a.28) 

where we have adopted the positive sign in the last term of the untwisted sum of (1A.27[) . 
and importantly, we fold 

Z[ = e- 2ni ^ lmkm Z^ k (r) (A.29) 

Z l k (r + 1) = e-™^™ k ™e^Z l k - k {T). (A.30) 

For the orbifolds we considered in the previous sections, the Z^r twists sum to zero, so the 
spin-structures coefficients are identical as in (1A.27I) and we have the same GSO projection 
in each twisted sector Z l k . i.e. 

Zl(r) = [gV°( 1 - (-1) F )] + [jVll + (-1) F )] (A.31) 

11 We are taking \a + otherwise, we have to send a—^a — 1. 
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The condition that the twists sum to zero yields a vanishing partition trace too, by virtue 
of a generalized Jacobi identity that reads 

4 

e 2 " i(Q+/3) n e 2niakj 9 [a + lj |/3 + kj] (r) = 0, if ^ A = ^ l m = 0. (A.32) 

a,/3e{0,|} i =1 m m 


A.3 Theta functions and modular covariance of the simplest T- 
fold 


We begin with the partition trace Zq(t). For the right-movers, there is a residual instanton 
sum that counts the distinct configurations invariant under the twist. These are string 
geometries with winding number equal to momentum number. Taking into account the 
twist phase factor (13.131) that refines the orbifold twist element, the chiral block reads 

xJM = AE*- 1 )”?” 1 = Aw ( A - 33 > 

' m y 

while the anti-chiral block reads 

xUf) = r* n (i+rr 1 = Jf (a.34) 

m=1 V J 


Under r —>■ r + 1, each block develops a phase of e ± ^ which thus cancels away, with the 
instanton sum being invariant. Under r —» — we obtain the partition trace in the twisted 
sector, with 



Mil 



(A.35) 


Further performing r —> r + 1, we arrive at 




\Z2ei2?](r) 


in 

e 24 


(ill) 

■/7(r) 





(A.36) 


The partition trace Z, 1 should be invariant under r —> —, and further performing r —)■ r +1 
should bring it back to Z®. These can be straightforwardly verified using the properties of 
the theta and eta functions, with perhaps the only slighty trickier step being to show that 


0 2 
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e fU + i )+^(»+|) 2 


mr | xn 
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(Et-D 
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m gi7rr(2m 2 —m) _|_ ^f(2m+l)+7rzr(2m+l)m 
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(A.37) 




where we have performed a Poisson resummation in the last step. Then it is clear that under 

9i (o > yj—ir 9 2 (^ (A.38) 


4 2 J \4 2 

Symbolically, we summarize the action of the mapping class group elements S and T on the 
partition traces as follows. We have started with a refined Z 2 orbifold element, then gener- 


T d z,\ 


Z°1 


T 


z] 7D S 


Figure 5: The modular covariance of the genus-one characters of a Z 2 orbifold. 

ating the rest of the partition traces by the action of S and T. For the twisted sector Z®, 
in the case of the geometric 7L 2 orbifold, there is an overall factor of two which corresponds 
to the two sectors of Fock vacua labelled by the two zero modes xq = {—7r, 7 t} which are 
fixed points under the geometric reflection twists. The reflection kills off the zero mode con¬ 
tributions, yet the stringy Hilbert space decomposes into two separate sectors each labelled 
by one value of x 0 - When the twist is asymmetric, the right-moving sector has surviving 
zero modes, and the instanton sum replaces the factor of two that appears in the twisted 
sector of the geometric 7L 2 orbifold. Of course, in the generic case, the twisted sectors of an 
asymmetric orbifold can have degeneracies too, and as first mentioned in |5] and [6], it is 
a non-trivial fact that the degeneracy factors are integers (as they should be) and can be 
expressed generally as 


D = 


'Det(l -0 L )Det(l -B R ) 

7*77 


(A. 39 ) 


where / is the sublattice of A invariant under the orbifold twist, and I* its dual. As 
mentioned in Section 14.41 for chiral asymmetric orbifolds, the degeneracy in (IA.39f) reads 

4 sin 2 ^/ ^/Det(2G) in our notations where G is the torus metric and the twist eigenvalue 
is e 2mk / N . The origin of this factor was explained in |5] and [6] to be equivalent to the di¬ 
mension of the irreducible representation of the vertex operators corresponding to untwisted 
states provided we tensor the vertex operators with a matrix-valued cocycle that acts only 
on the fixed points of the twist. 

What happens when we decide not to augment the chiral reflection with the 17(1) factor 
(—l) n in Xq(t)? We find that the relation in Fig. [5] is not satisfied because instead of 9 a {2t) 
in Xo(r), we have 6 l 3 (2r). After performing r — >■ —we have #3 (A) instead of 9 2 (§) in 
X?(t), yet 6*3 (A^-) does not have the same transformation property as 9 2 ( 1 2 ^) in (lA.37j) . 
To see this explicitly, let’s first Poisson resum to write 

V + 1\ 1 
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Under 5, we then have 


0, 


r + 1 


^ A \J-2ir d 3 (2r) 


(A.40) 


(A.41) 


Thus, up to a phase of e _ W we find that maps back to yj instead of being invariant 
under S. Another way to see that it doesn’t work is to see that Z® doesn’t map back to 
itself under r —» r + 2, i.e. no level-matching. 


B Twist phase factors of some chiral asymmetric orb- 
ifolds of T 6 


E = 


(B.l) 


B.l Eq orbifolds 

We first consider chiral Z 3 and Z 12 orbifolds of the Eq torus, and pick our moduli matrix 
E = G + B to be 

/ 1 -1 0 0 0 0 \ 

0 1-10 0 0 

0 0 1 - 10-1 
0 0 0 1 -1 0 

0 0 0 0 1 0 

\ 0 0 0 0 0 1 / 

The Z 3 , Z 12 twists which we shall discuss below are constructed by taking suitable products of 
the Weyl reflections. Let a i} i — 1, 2,... 6 denote its six simple root^H, and let r* denote the 
Weyl reflection associated with the root Realizing the twist as 9 acting on the metric G by 
G —>■ 9G9 T , it is straightforward to compute them to be (r 0 = — ay — 2ct 2 — 3ay —2a 4 — 0 , 5 — 2a$ 
is the lowest root which appears in the extended Dynkin diagram) 


= rir 2 r 4 r 5 r 6 ro = 
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(B.2) 


12 Let ei denote the vector with unity as its zth component and zero for the rest, then cu = e* — e,;+i, as = 
e 4 + es, as = ^(—e± — e 2 — e 3 — e 4 + es + \/3es). 
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(B.3) 


When treated as geometric twists, they yield singular compact manifolds of Euler numbers 
48 and 45 respectively, but as asymmetric twists, they are simply realized as symmetries on 
the stringy Hilbert space. 


B.1.1 Z 3 orbifold 


Let us first consider the Z 3 orbifold for which there is only one independent SL( 2, Z) orbit. 
We find the following twist phase factors characterized by the following Q's (recall that 
U = e iNTQN ,N = [n m)). 
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where the constants 

CLi 

are 

Dartially fixed 

bv (|4.53|) to satisfy (mod 41 




(i\ — 07 — as + cig + Q-icb a 2 — 2 + ag + aio, a 3 — 2 + cl 10,04 — 0 , 05 — an, a6 — aio + ai 2 . (B. 5 ) 


In the partition trace Zq, the twist phase factor reads, upon evaluated on the invariant 
sublattice, 


U{9 p) = g*f (( a l+ a 7)mf+(2+ai+a2+a8)m^+(a2+a3+a9)m|++(2+a3+a4+aio)m|++(a4+a5+an)m|+(2+a3+a6+ai2)m|) 


(B.6) 

Imposing (IB. 511 in (IB .61) renders the latter trivial, in agreement with our earlier point that 
for chiral asymmetric orbifolds where there are no residual zero modes in the twisted half, 
the twist phase factor as evaluated on the invariant sublattice has to be trivial for twist of 
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odd orders. Thus, in this case, we simply have to consider the (unweighted) E fi lattice sum 
which reads 

®e 6 (t) = t [9 3 (3 t)9I(t) + 9,(3r)9l(r) + 9 2 (3 t)9 5 2 (t)\ (B.7) 


The dual lattice sum can be easily obtained in this case by invoking Jacobi’s inversion formula 
which yields 


0, 


(r) = - 
k ; 2 


+ e 2 ^)el(r) + 0 4 (I)# 4 5 (r) 


(B.8) 


and it can be checked that it is invariant under T 3 , and thus this asymmetric orbifold is 
perfectly modular covariant. 


B.1.2 Z 12 orbifold 


On the other hand, for the Z 12 orbifold, there are five independent SL( 2, Z) orbits of which 
trace representatives we can take to be {Z 2 , Z®, Z®, Z°, Z®}. Since 9,9 2 and 9 4 have no 
eigenvalue equal to unity, the invariant sublattice in these partition traces is nothing but the 
Eq lattice. The twist phase factor reads 
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(B.9) 


On the invariant sublattice, the phase factor in (IB.911 reads 


((2+ai+a7)mi + (ai+a 8 +a 2 )rr!.2+(a2+a3+a9)m3+(a3+a4+aio)m4+(a4+a5+aii)m5+(a3+a6+ai2)m6) 


(B.10) 


There are no constraints on the parameters but we can choose all of them to vanish except 
for ai = a 8 = 2 to get (IB.91) to be trivial in Zq, Zq and Zq. Then one would find that the 
appropriate level-matching conditions below are satisfied. 

Z?(t + 12) = Z°(t), Z°(t + 6) = Z 2 (t), Z°(t + 3) = Z 4 °(r) (B.ll) 

by virtue of invariance of under r —» r + 3. For the other two traces, one has find the 
invariant sublattices first. They are turn out to be the same eight-dimensional lattice in Zq 


56 











and Zq, and can be conveniently described by projecting the residual left and right Narain 
momenta onto the eight-dimensional integral vector v = {rii, n 2 , mi, m 2 , m 3 , 777 . 4 , m 5 , m 6 } 
with the projection matrices Pr = Vl • v, Pr = Vr ■ v. Explicitly, the projection matrices 
read 
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from which one can compute the lattice matrix T straightforwardly, and check that with 
our choice of the parameters a*, the twist phase factor becomes trivial, and also we have the 
level-matching conditions 

Z»(t + 2 ) = Z»(t), Z»(t + 4) = Z»(t). (B-13) 

Since we have taken into account the representatives of the five SL( 2, Z) orbits, we thus 
conclude that this orbifold theory is modular covariant. 


B.2 Asymmetric SU(7) Orbifold 


We now consider chiral Z 7 orbifolds of the SU(7 ) torus, and pick our moduli matrix E = 
G + B to be 

/ 1 -1 0 0 0 

0 1-10 0 
E _ 0 0 1-10 

T " 0 0 0 1 -1 0 

0 0 0 0 1 -1 

V 0 0 0 0 0 1 / 


0 \ 
0 
0 


fB. 141 


The Z 7 twist which we shall discuss below is constructed by the Coxeter element of the Weyl 
group. Let a^i = 1, 2,... 6 denote its six simple roots, then the twist is defined by the 
product of each Weyl reflection associated with a t . i.e. 


/ _i _i _i _i _i _i \ 


= r 1 T 2 r 3 r 4 r 5 'r 6 = 


1 
0 
0 
0 

V 0 


0 

1 

0 

0 

0 


0 

0 

1 

0 

0 


0 

0 

0 

1 

0 


0 

0 

0 

0 

1 


0 
0 
0 
0 

0 / 


(B.15) 


57 



We find the following twist phase factor characterized by the following Q. 
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(B.16) 


where the diagonal constants are partially fixed by (14.53P to satisfy (mod 4) 

ai = 2 + 07, ci2 = 2 + (17 + a 8 , 03 = 2 + 07 + a 8 + ag, 04 = 2 + 07 + a 8 + ag + aio, 
c 15 = 2 + 07 + a 8 + ag + aio + an, clq = 2 + 07 + a 8 + ag + aio + an + an (B.17) 

In the partition trace Zq, the twist phase factor reads, upon evaluated on the invariant 
sublattice, 

U{9 p ) = g*f ((2+ai+a7)mf + (ai+a2+a 8 )m|+(a2+a3+a9)m§++(a3+a4+aio)m|+(a4+a5+aii)m|+(a5+a 6 +ai2)m|) 

(B.18) 

Imposing (IB. 171) on (IB. 181) renders it trivial, in agreement with our general observation for 
orbifold elements of odd order. This implies for the instanton sum, the phase factor 5 g is the 
same. Since the order is a prime number, all we need to compute is the phase 5\ that the 
dual A e lattice sum picks up under the Dehn twist T 7 . For a general N, the An_i lattice 
sum reads 

, N 

(B.19) 


©a*_i(t) = 

By the Jacobi inversion formula, 


N» 3 (Nz) 


1 — 1 

&A N - 1 (-l/T) = -j=(-iT) 2 e^^r) 


(B.20) 


The factor (—ir) is cancelled away by an identical term that arises from performing S on p(r). 
Thus, we only need to consider the dual A§ lattice sum. To check the monodromy under T 7 , 
it is slightly more convenient to scale the lattice and consider Qa* n 1 (Nt) that is associated 
with VNA* n _ v The Gram matrix can be chosen such that the quadratic form reads m 
(sometimes called the Voronoi’s principal form of the first type) (IV—1) — x i x j 

for integers x*, and thus 


Q A- N _ 1 (Nr)=^2q 


(N-l) ZiXj 


(B.21) 
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from which it is easy to see that the phase = 0 since + 7) = @a*_ 1 (t). Alter¬ 

natively, it turns out that the dual A 6 theta function was presented in a beautiful form by 
Ramanujan in his ‘lost’ notebook |73j . Following Ramanujan, let’s first define the function 


/(-o 2 ) = £ (-1) 


V „<=(*-1), 


k=— oo 


Ramanujan found that 


e ^( r ) = 4f q 2 \ + 7 g K- 7 / q7 l + 7 ^/ 3 (-<^)/ 3 (-<? 2 ) 

6 /(-r) / '(-r) 

from which it is elementary to see that ©Wt + 7) = @a*(t). 


(B.22) 


B.3 Asymmetric 5t/(4) x SU( 4) Orbifold 

We consider the 577(4) root lattice with the following moduli and Z 4 coxeter twist 


E = 



= nr 2 r 3 = 



(B.23) 


We hnd the following twist phase factor characterized by the following Q. 


Q = 


7r 


/ ai 1 1 1 0 0 \ 

1 a 2 1 0 1 0 

1 1 a 3 0 0 1 

1 0 0 a 4 0 0 

0 1 0 0 a 5 0 

\ 0 0 1 0 0 a 6 / 


(B.24) 


where the diagonal constants are partially fixed by (j4.53[) to satisfy 

cl\ — O 2 T T 4" mod 4 


(B.25) 


with an arbitrary a*,. In the partition trace Zq, the twist phase factor reads, upon evaluated 
on the invariant sublattice, 

JJ(Q pj = gif ((ai+04—2)mj+(ai+a2-|-a5)m|+(a2+a3-l-a6)m3) _ e 27r*(<5imi+(52"i2+<53™3) 26 ) 

where rn t are the residual winding numbers and 4, are valued in |0, The instanton sum 
is the theta function of the A 3 lattice which, in the absence of possible weights in (IB.26(1 . 
reads 

0A,(r) = 9(4f) 3 + 3# 3 (4f)0 2 (4f) 2 = - [9|(f) + # 4 3 (f)] (B.27) 
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Appearing in the twisted sector is the dual lattice sum which derives from a Poisson resum¬ 
mation (14.681) . and reads 


9.4; (r) = \ F 


«l( j) + 3 9a( j)] = 01 (f) + 01 (f) 


(B.28) 


Let us now insert in Z 2 -valued periodic weights following (IB.261) . The constraint (IB.251) tell 
us while 82 is arbitrary, 


+ £3 — 


(B.29) 


which nicely agrees with (IB.25j) . With such a shift, the dual lattice sum now 

reads 


0 ( |.*i,o)( f ) = 0(o,&,|)( f ) =2 qh (1 + 3 q 1/4 + 3q 1/2 + 4 q 3/4 + 6q + ...) = (B. 30 ) 


Since this appears in Z® (and thus Z 3 ), we should check its transformation under 1~ 4 . 

0^(r + 4) = e-^0 5 (r), (B.31) 

whereas without the shift, we have 

©A‘(r + 4) = -0 2 3 (f) + 0 3 3 (f). (B.32) 


3*7rx 

Thus, up to a constant phase anomaly of , the presence of the twist phase factor 
preserves the modular covariance of the theory. We should also look at the other independent 
SL( 2, Z) orbit containing the partition trace Zq. The invariant sublattice turns out to be 
four dimensional, and similar to the Z 12 orbifold of Eq, it can be conveniently described 
by projecting the residual left and right Narain momenta onto the four-dimensional integral 
vector v = {ri \, m 1 , m 2 , m 3 } with the projection matrices Pl — Vl-v, Pr — Vr-v. Explicitly, 
the projection matrices read 


/ 1 1 0 0 \ / 1 -1 1 0 \ 

Vl = -1 0 1 -1 , V R = -1 1 -10 (B.33) 

\ 1 —10 2 / \ 1 —1 1 0 / 

From the group composition law, the twist phase factor 

U(9 2 ,p) = U(9,p)U(9,9(p)) 

and on the invariant sublattice, it reads e W n i+ m i+ m 2 ) a ft er (|B,25|) is taken into account, 
again preserving invariance of Z 2 under r —> r + 2 up to a constant phase anomaly of e^~. 
When the other A 3 lattice is taken into account, we are left with constant Z 4 phase factors 
which can be cancelled by appropriate shifts in the internal lattice. 
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C On the operator algebra in the eigenbasis of the Z n 
twist 


In this Section, we will present the Kac-Moody algebra at level one discussed in Section 14.21 
in the basis which we have used to compute the constraints for the 2 cocycle e(a,/3) by 
relating them to the vertex operators’ cocycles. It is the one induced by an orbifold twist, 
where the stringy Hilbert space decomposes into N eigenspaces of the Zjv twist. First, we 
rewrite equation (14.471) to read 


V(a,z) [a] x V{P,w) [b] ~ — ^e(6 5 (a),P)e 


N -1 


U(e 5 ,a)V(e*(a) + P,w) 


■+&] 


5=0 


[z — W ) 2 a R®RpR(^z — yj'j 2 a L9 L PL 


(C.l) 


For the chiral asymmetric orbifolds considered earlier, either of the chiral sectors has no 
surviving momenta zero modes, and our choice of the lattice metric leads to a Kac-Moody 
algebra with level one. In the basis above, the singular terms appear whenever the conditions 
a.6 s .p = —2 or P + 9 s .a = 0 are satisfied in (1C.ID . Thus we can write (1C.ID in the following 
form. 


N—l 


V(a,z) [a] x V(P,w) [b] 
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E E 'Cm,4) 


e N 


U(9 s , a)V (9 s (a) + P, w) 




< 5=0 aR e s R p R =-2 
„ N—l 


j} E E 


0 /3 R +9 s R a R =0 


(z ~ W ) 

&a+b, 0 ia[ a+ b]dX(w ) 


(z — w) 2 z — w 


(C.2) 


where the projected momenta cq a ] are defined as 
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1 V > _ 2 tv zsa 

= n 2^ e N 9 ' a 


Defining a set of projected vector to contract with the primaries dX, the other relevant 
OPEs read 

N-l 

e [a]k dX k (z)xV(a,w) [b] = V- e -^+^u(9 r , a) (9 s )™ e m dX k e^ a > x ^ 
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Y,X J! ^u(e'-,c>) v{ ' eT{a) ' w) 


z — w 


= OL ■ €\a 
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and finally, between the oscillaors, we have 


(C.3) 


e [a]k dX k (z) x r] [b] idX l (w) = 


2N 2 
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o t X2 0 tt+6,0' 

2 [z — w) z 


(C.4) 


There is an analogous construction for the twisted sectors. The operator algebra is generated 
by twisted vertex operators acting on a vacuum that has a non-zero conformal weight that 
depends on the twist. Such a vacuum can be constructed by including orbifold twist fields 
acting on the untwisted vacuum. The twist fields modify the integral modeling to be fractional 
for the oscillators, whereas the momenta zero modes should be generated by untwisted vertex 
operators invariant under the twist. The enhanced affine symmetries that arise correspond 
to the subalgebra associated with the automorphism of the original operator algebra. This 
is the notion of ‘twisted affine algebras ’ m- For example, for the class of chiral asymmetric 
orbifolds discussed in the previous section, the twisted affine algebra is isomorphic to the 
original algebra because the orbifold twist originates from an inner automorphism of the finite 
Lie algebra of which roots generate the toroidal lattice. The equivalence of the unorbifolded 
toroidal theories (ADE) to WZW theories at level one prompts the question of whether there 
exists a corresponding map between asymmetric orbifolds of tori that enjoys enhanced affine 
symmetries, and WZW orbifolds mm- 
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